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A- Standard perturbation theory

1) Hydrodynamical approximation:  “single-stream approximation”

2) Solution as a perturbative expansion over powers of the linear mode

3) Gaussian average for statistical quantities

CDM+baryons: pressureless 
& irrotational perfect fluid

density contrast:

δ̃(k, τ) =
∞∑

n=1

δ̃(n)(k, τ) δ̃(n) ∝ (δ̃L)nwith

∂δ

∂τ
+∇ · [(1 + δ)v] = 0

∂v
∂τ

+Hv + (v ·∇)v = −∇φ

∆φ =
3
2
ΩmH2δ

δ(x, t) =
ρ(x, t)− ρ̄

ρ̄

C2 = 〈δδ〉 = 〈δ(1)δ(1)〉 + 〈δ(3)δ(1)〉 + 〈δ(1)δ(3)〉 + 〈δ(2)δ(2)〉 + ...



This yields a perturbative expansion for the density power spectrum:

P (k) =
∞∑

n=1

P (n)(k) with P (n) ∝ (PL)n

It can be useful to introduce the variance of the one-dimensional linear displacement
or velocity, and to define a “renormalized expansion”:

P (k) = e−k2σ2
v

∞∑

n=1

P (n)
σv

(k) with P (n)
σv

∝ (PL)n and σ2
v =

1
3
〈|Ψ2

L|〉

4) Example: the Zeldovich dynamics

Particles move on straight lines, according to the linear displacement field 
(i.e., their initial velocity):

P (k) =
∫

dq
(2π)3

eik·q e−
R

dw [1−cos(w·q)] (k·w)2

w4 PL(w)

x(q, t) = q + D+(t)ΨL0(q) with ∇ · ΨL0 = −δL0

P (n)
σv

(k) = n!
∫

dw1...dwn δD(w1 + ... + wn − k) Fn(w1, ...,wn)2 PL(w1)...PL(wn)
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Fig. 1. The power per logarithmic interval of k, as defined in Eq.(46), at redshifts z = 0 (left panel) and z = 2 (right
panel). The solid lines are the linear power spectrum “PL”, the nonlinear Zeldovich power spectrum “PZel”, given by
Eq.(13), the non-perturbative correction “Ps.c.”, given by Eq.(45), and the sum PZel + Ps.c. associated with the “sticky
model”, Eq.(41). The dot-dashed lines, which grow very fast and are only partly drawn, are the absolute values of the
standard perturbative terms |P (2)| and |P (3)|, from Eq.(23). The lower dashed lines are the “renormalized” perturbative

terms e−k2σ2
vP (n)

σv of the expansion (24), from Eq.(26), for n = 1 to 5 and n = 10, 15, 20, 30, 50, and 70. The peak moves to
higher k as the order n increases. The dotted lines that follow the nonlinear Zeldovich power spectrum until a Gaussian

decay are the partial sums e−k2σ2
v

∑N
n=1 P

(n)
σv (k), with N = 5, 10, 15, 20, and 30. All terms are multiplied by the factor

4πk3 of Eq.(46).

we go to higher orders contributions become narrower and
more densely packed, which implies that as we go deeper in
the nonlinear regime we need an increasingly large number
of perturbative terms per logarithmic interval of wavenum-
ber.

We also plot a few partial sums of expansion (24), that

is, e−k2σ2
v

∑N
n=1 P

(n)
σv (k), with N = 5, 10, 15, 20, and 30. We

can check that they agree with the full nonlinear power
spectrum (13) until the wavenumber associated with the

peak of e−k2σ2
vP (N)

σv , after which they follow the Gaussian
decay associated with the prefactor e−k2σ2

v . These partial
sums are also slightly more efficient than those obtained
from the standard expansion (19) at the same order (not
shown in the figure).

As expected, the non-perturbative correction (45) is
very small at quasi-linear scales, so that there is indeed
a range where higher order terms of the perturbative ex-
pansions (19) and (24) (i.e. beyond the first order asso-
ciated with the linear regime) are relevant. At higher k
the non-perturbative correction becomes dominant and the
perturbative expansions become irrelevant, since one can
no longer neglect the physics beyond shell crossing.

In the highly nonlinear regime we recover the
well-known decay of the Zeldovich logarithmic non-
linear power spectrum (Schneider & Bartelmann 1995;
Taylor & Hamilton 1996; Valageas 2007b). This is due to
the fact that particles escape to infinity after shell cross-
ing (i.e. keep moving on their straight trajectories) and
these random trajectories (in the sense of random ini-
tial conditions) erase small-scale features in the density
field. This is expressed by the Gaussian decaying factor
e−k2[σ2

v−I0−(1−3µ2)I2] in Eq.(13), where the quantity within

brackets is always positive as can be seen from the expres-
sion (9). Even though this leads to a decay at high k, the
falloff is not Gaussian because of the integration over the
Lagrangian distance q (Taylor & Hamilton 1996). In par-
ticular, for power law initial power spectra, PL(k) ∝ kn

with −3 < n < −1, one finds that ∆2(k) ∝ k3(n+3)/(n+1)

(Valageas 2007b) (the Zeldovich dynamics is not well de-
fined for n ≥ −1 because of ultraviolet divergences). Note
that, contrary to the gravitational case, the nonlinear power
spectrum decreases faster at high k for larger values of n.
This is due to the greater smearing out of small-scale fea-
tures by the larger amplitude of the random linear displace-
ments at small wavelengths.

It is interesting to note that, thanks to its shell-crossing
correction (45), the nonlinear power spectrum (41) of the
“sticky model” does not show this fast decay and its log-
arithmic power shows a significant increase in the nonlin-
ear regime. This is due to the prescription (34), which in
a sense prevents particles from escaping to infinity along
one direction, as they stick together. This models in an
approximate fashion the formation of Zeldovich pancakes,
associated with collapse along one axis (although there is
no precise relationship, since Eq.(34) is only a statistical
model and does not take into account the “cloud-in-cloud”
problem). Thus, small-scale structures are no longer erased
as we keep a trace of planar features. This is expressed by
the factor (1− µ2) in the exponential argument in expres-
sion (45). This implies that for |µ| ∼ 1 the Gaussian de-

caying term of the form e−k2
is suppressed, and by power

counting we see that this generically leads to a contribution
∆µ ∼ k−2, whence Ps.c.(k) ∼ k−2 at high k, as would be
the case for a density field where planar objects are the rel-

Test on the Zeldovich Dynamics

- standard perturbation theory is not well-behaved

- many orders are relevant before the nonperturbative term 
(shell crossing) dominates

(particles moving on straight lines according to their initial velocity)

Need for improved (resummation) schemes 

standard
pert. terms

partial
resum. exact

result

shell-
crossing

10 30



Sticky model

For q = |q| e1 : ∆x1 = max(∆xL1, 0), ∆x2 = ∆xL2, ∆x3 = ∆xL3

This model is identical to the Zeldovich dynamics before shell-crossing, 
and only differs afterwards:

Particle pairs do not cross along their longitudinal axis.

Then,  the power spectrum is equal to the Zeldovich power spectrum 
+ a nonperturbative correction associated with the dynamics beyond shell-
crossing:

Psticky(k) = PZel(k) + Ps.c.(k)

Ps.c.(k) =
1
2

∫
dq

(2π)3
e−k2(1−µ2)[σ2

v−I0(q)−I2(q)] e−q2/(2σ2
‖(q))

{
w

(
iq

!
2σ‖(q)

)
" w

(
iq " kµσ2

‖(q)
!

2σ‖(q)

)}



B- Path-integral formulation

1) Generating functional of many-body correlations

2) Use perturbative schemes to compute Z[j]

Power spectrum, bispectrum, ...

It measures the sensitivity to perturbations, or to the initial conditions

Memory of the dynamics

auxiliary field

〈ψ(x1)λ(x2)〉 = R(x1, x2) = 〈Dψ(x1)
Dζ(x2)

〉ζ=0

λ(x)

Response function

eq. of motion Gaussian init. cond.

ψ(k, τ) =
(

δ̃(k, τ)
θ̃(k, τ)/Hf

)
Z[j] = 〈ej·ψ〉 =

∫
DµI ej·ψ[µI ]− 1

2 µI ·∆−1
I ·µI

Z[j] =
∫
DψDλ ej·ψ+λ·(−O·ψ+Ks·ψψ)+ 1

2 λ·∆I ·λ



a) Standard perturbation theory

b) Direct steepest-descent method

c) 2PI effective action method 
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séries infinies de diagrammes en termes des propagateurs linéaires CL et RL, telle que celle représentée sur la
figure 2.11, qui sont obtenues en substituant les expressions données sur les figures 2.8 et 2.9. En particulier,
ce diagramme (a) contient les cinq premiers diagrammes de la figure 2.6. De la même façon, les quatre derniers
diagrammes de la figure 2.10 contiennent aussi les quatres derniers diagrammes de la figure 2.6. On vérifie donc
à nouveau que cette méthode du col directe redonne les diagrammes du développement perturbatif standard
(mais organisés de manière différente) jusqu’à l’ordre de tronquation, auxquels sont ajoutés une série infinie
(incomplète) de diagrammes d’ordres supérieurs.

Les fonctions de corrélation d’ordre supérieur, à p points, s’obtiennent de la même manière. Il convient de
noter que, contrairement à l’approximation usuelle basée sur la tronquation de la hiérarchie BBGKY (qui relie
la fonction de corrélation Cp à la fonction d’ordre suivant Cp+1, et que l’on ferme généralement en prenant
Cp+1 = 0 à un certain ordre), dans ce développement de grand N toutes les fonctions de corrélation Cp sont
non-nulles même après tronquation à un ordre fini en 1/N pour les termes de “self-energy” Σ et Π et les vertex
propres Γp.

2.5.2 Action effective 2PI

Une approche alternative à la méthode du col directe présentée dans les paragraphes précédents est fournie
par la méthode de “l’action effective 2-particules irréductible” (2PI) [178, 181]. Elle consiste à introduire en
premier lieu la double transformée de Legendre ΓN [ψ, C] de la fonctionnelle WN = lnZN , où ZN est à nouveau
la fonctionnelle (2.33), et à calculer ensuite ΓN sous la forme d’un développement en puissances de 1/N . C’est
pour cette raison que nous avons appelé la méthode précédente “méthode du col directe”, car le développement en
1/N s’appliquait directement à la fonctionnelle génératrice des fonctions de corrélation, W , tandis que dans cette
deuxième méthode il s’applique à sa transformée de Legendre Γ. Comme la transformation de Legendre est une
opération non-linéaire ces deux développements ne sont pas identiques, et fournissent donc des résultats différents
selon que l’on tronque à un ordre fini sur W ou sur Γ. Il convient de noter qu’à l’ordre d’une boucle étudié ici,
cette approche coincide avec les méthodes “de couplage de modes” utilisées par exemple en hydrodynamique ou
en physique statistique [29]. Plus récemment, en transposant ces dernières approches au cas de la dynamique
gravitationnelle en cosmologie, Taruya et al. [166, 167] ont ainsi retrouvé les équations présentées ci-dessous,
puis étudié en détail l’application de cette méthode au calcul du spectre de puissance dans le régime associé aux
oscillations acoustiques baryoniques (en introduisant quelques approximations supplémentaires pour faciliter les
calculs numériques).
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Fig. 2.12 – Une série de diagrammes inclus dans les fonctions à deux points données par la méthode de l’action
effective 2PI, à l’ordre d’une boucle, qui n’étaient pas pris en compte par la méthode du col directe au même
ordre.

Cette méthode “2PI” mène en fait aux mêmes équations exactes (2.35) (qui peuvent en fait être vues
comme des définitions des termes correctifs Σ et Π par rapport au régime linéaire), mais avec une expression
différente des termes de “self-energy” Σ et Π. En fait, au lieu de s’écrire sous la forme d’un développement
diagrammatique en puissances des propagateurs linéaires CL et RL, Σ et Π sont maintenant donnés sous la
forme d’un développement diagrammatique en puissances des propagateurs non-linéaires C et R. A l’ordre
d’une boucle on obtient la même structure que les éqs.(2.37)-(2.38), où l’on remplace simplement CL et RL par
C et R :

Σ(x, y) = 4Ks(x; x1, x2)Ks(z; y, z2)R(x1, z)C(x2, z2) (2.45)

Π(x, y) = 2Ks(x; x1, x2)Ks(y; y1, y2)C(x1, y1)C(x2, y2). (2.46)

En termes diagrammatiques, cela signifie que Σ et Π sont donnés par les diagrammes de la figure 2.7 mais où
les lignes simples sont remplacées par des lignes doubles. Comme nous avons encore les équations de Schwinger-
Dyson (2.35), les propagateurs non-linéaires, R et C, sont à nouveau donnés par les expressions (2.39) et (2.40),
donc par les premières égalités des figures 2.8 et 2.9, mais où dans les bulles les lignes simples sont remplacées par

1-loop order
(i.e., up to     )

a) Standard perturbation theory

b) Direct steepest-descent method

I
    =    +   2   C C = ... ...  + ... ... 

c) 2PI effective action method 
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1-loop order

+ 8 

(a) (b)

(c) (d)

+ 2 + 4 

(c) (d)

P (k) = C2 =

P (k) =

a) Standard perturbation theory

b) Direct steepest-descent method

c) 2PI effective action method 
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la fonction de corrélation Cp à la fonction d’ordre suivant Cp+1, et que l’on ferme généralement en prenant
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ordre.

Cette méthode “2PI” mène en fait aux mêmes équations exactes (2.35) (qui peuvent en fait être vues
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En termes diagrammatiques, cela signifie que Σ et Π sont donnés par les diagrammes de la figure 2.7 mais où
les lignes simples sont remplacées par des lignes doubles. Comme nous avons encore les équations de Schwinger-
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1-loop order
a) Standard perturbation theory

b) Direct steepest-descent method

CHAPITRE 2. MÉTHODES PERTURBATIVES 15

De plus, comme l’action S0 correspond à Ks = 0, elle correspond en fait au régime linéaire usuel ainsi qu’on l’a
vu en (2.24)-(2.25), et nous avons donc (ainsi qu’on pourrait aisément le vérifier à partir de l’expression de S0)

〈ψ〉0 = 〈λ〉0 = 0, 〈ψ(x1)ψ(x2)〉0 = CL(x1, x2), 〈ψ(x1)λ(x2)〉0 = RL(x1, x2), 〈λ(x1)λ(x2)〉0 = 0. (2.27)

x
2

x
2L

x
1

R,
L

x
11 2

(x ,x ) = 
1 2

(x ,x ) = C

Fig. 2.4 – Les symboles utilisés pour les fonctions à deux points, CL = 〈ψψ〉0 et RL = 〈ψλ〉0 (la troisième
possibilité est identiquement nulle, 〈λλ〉0 = 0).

En terme de diagrammes, nous représentons ces propagateurs linéaires comme sur la figure 2.4. Nous avons
ajouté une flèche pour le propagateur RL = 〈ψ(x1)λ(x2)〉0 pour marquer la flèche du temps associée à la
causalité (η1 > η2), qui est exprimée par le facteur de Heaviside dans l’éq.(2.25). Ainsi, la réponse RL “courre”
du “champ de réponse” λ vers le champ physique ψ (puisque RL(x1, x2) = 〈ψ(x1)λ(x2)〉0). Comme chaque
vertex Ks est associé à un champ λ et deux champs ψ, à travers la combinaison (λ.Ks.ψψ) de l’action (2.19)
(voir aussi le développement (2.26)), chaque vertex Ks, représenté par un disque noir sur la figure (2.5) et les
suivantes, dôıt être connecté à une ligne sortante (i.e. une réponse RL) et deux lignes entrantes (en lisant la
corrélation symmétrique CL avec deux lignes sortantes, c’est-à-dire avec une flèche pointant vers l’extérieur à
chaque extrêmité).

2  =

+ 2 

+ 8 

+ 4 

(a) (b)

(c) (d)

C

Fig. 2.5 – Les diagrammes associés au développement (2.26) en puissances de Ks pour la fonction de corrélation
à deux points C2. Les disques noirs sont le vertex à trois pattes Ks, les lignes sont les propagateurs linéaires CL

et RL de la figure 2.4. Seuls les diagrammes pertinents à l’ordre d’une boucle, éqs.(2.28)-(2.29), sont dessinés.

Le développement (2.26) de la fonction de corrélation à deux points s’écrit donc de manière explicite, jusqu’à
l’ordre d’une boucle,

C2 = Ctree
2 + C1loop

2 + ..., avec Ctree
2 = CL et (2.28)

C1loop
2 =

1

2
〈ψ(x1)ψ(x2)(λKsψψ)2〉0 = 8RL(KsRLCLKs)CL + 2RL(KsCLCLKs)RL + 4RLCLKs(RLKsCL).

(2.29)
Les diagrammes associés aux termes (2.28)-(2.29) sont représentés sur la figure 2.5. Nous n’avons pas inclus cinq
termes supplémentaires qui s’annulent car ils contiennent un facteur 〈λλ〉0 ou une boucle fermée sur une suite de
réponses RL (qui s’annule du fait des facteurs de Heaviside). De plus, le diagramme (d) de la figure 2.5 est nul, car
le vertex Ks de droite étant attaché à une boucle fermée surCL il est de la forme Ks(0;q,−q), qui est nul d’après
les expressions (2.13) des noyaux γs

i;i1,i2 . On peut alors vérifier que le diagramme (b) redonne le diagramme
(b) de la figure 2.2 et de l’éq.(2.6), tandis que le diagramme (c) redonne le diagramme (c) de la figure 2.2 et
de l’éq.(2.7). Comme prévu, nous retrouvons ainsi le développement perturbatif standard. Cependant, ces deux
développements équivalents ont des structures différentes. Ainsi, le développement de la figure 2.5, dérivé de
l’intégrale de chemin (2.18), ne contient que le vertex à trois pattes Ks, mais deux propagateurs CL et RL (avec
quatre indices), tandis que le développement standard de la figure 2.2 contient de nouveaux vertex F s

p , avec un
nombre croissant de pattes, lorsque l’on augmente l’ordre de tronquation, mais une seule fonction à deux point,
le spectre de puissance linéaire PL0.

Les fonctions de corrélation d’ordre supérieur s’obtiennent comme dans l’éq.(2.26) en développant sur Ks.
Cela donne ainsi pour la fonction à trois points :

C3 = 〈ψ(x1)ψ(x2)ψ(x2)

(

λKsψ
2 +

(λKsψ2)3

6
+ ..

)

〉0, (2.30)

et nous obtenons jusqu’à l’ordre d’une boucle

Ctree
3 = RLKsCLCL + 5 perm., (2.31)
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〈ψ〉0 = 〈λ〉0 = 0, 〈ψ(x1)ψ(x2)〉0 = CL(x1, x2), 〈ψ(x1)λ(x2)〉0 = RL(x1, x2), 〈λ(x1)λ(x2)〉0 = 0. (2.27)

x
2

x
2L

x
1

R,
L

x
11 2

(x ,x ) = 
1 2

(x ,x ) = C

Fig. 2.4 – Les symboles utilisés pour les fonctions à deux points, CL = 〈ψψ〉0 et RL = 〈ψλ〉0 (la troisième
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Fig. 2.5 – Les diagrammes associés au développement (2.26) en puissances de Ks pour la fonction de corrélation
à deux points C2. Les disques noirs sont le vertex à trois pattes Ks, les lignes sont les propagateurs linéaires CL

et RL de la figure 2.4. Seuls les diagrammes pertinents à l’ordre d’une boucle, éqs.(2.28)-(2.29), sont dessinés.

Le développement (2.26) de la fonction de corrélation à deux points s’écrit donc de manière explicite, jusqu’à
l’ordre d’une boucle,

C2 = Ctree
2 + C1loop

2 + ..., avec Ctree
2 = CL et (2.28)

C1loop
2 =

1

2
〈ψ(x1)ψ(x2)(λKsψψ)2〉0 = 8RL(KsRLCLKs)CL + 2RL(KsCLCLKs)RL + 4RLCLKs(RLKsCL).

(2.29)
Les diagrammes associés aux termes (2.28)-(2.29) sont représentés sur la figure 2.5. Nous n’avons pas inclus cinq
termes supplémentaires qui s’annulent car ils contiennent un facteur 〈λλ〉0 ou une boucle fermée sur une suite de
réponses RL (qui s’annule du fait des facteurs de Heaviside). De plus, le diagramme (d) de la figure 2.5 est nul, car
le vertex Ks de droite étant attaché à une boucle fermée surCL il est de la forme Ks(0;q,−q), qui est nul d’après
les expressions (2.13) des noyaux γs

i;i1,i2 . On peut alors vérifier que le diagramme (b) redonne le diagramme
(b) de la figure 2.2 et de l’éq.(2.6), tandis que le diagramme (c) redonne le diagramme (c) de la figure 2.2 et
de l’éq.(2.7). Comme prévu, nous retrouvons ainsi le développement perturbatif standard. Cependant, ces deux
développements équivalents ont des structures différentes. Ainsi, le développement de la figure 2.5, dérivé de
l’intégrale de chemin (2.18), ne contient que le vertex à trois pattes Ks, mais deux propagateurs CL et RL (avec
quatre indices), tandis que le développement standard de la figure 2.2 contient de nouveaux vertex F s

p , avec un
nombre croissant de pattes, lorsque l’on augmente l’ordre de tronquation, mais une seule fonction à deux point,
le spectre de puissance linéaire PL0.

Les fonctions de corrélation d’ordre supérieur s’obtiennent comme dans l’éq.(2.26) en développant sur Ks.
Cela donne ainsi pour la fonction à trois points :

C3 = 〈ψ(x1)ψ(x2)ψ(x2)

(

λKsψ
2 +

(λKsψ2)3

6
+ ..

)

〉0, (2.30)

et nous obtenons jusqu’à l’ordre d’une boucle

Ctree
3 = RLKsCLCL + 5 perm., (2.31)
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la fonction exponentielle, y(x) = ex, en résolvant numériquement l’équation y′ = y plutôt qu’en sommant
y(x) =

∑

xn/n!).
Remarquons ici que, dans le cadre des méthodes de grand N , l’ordre “à p boucles” du développement

perturbatif réfère à l’ordre de tronquation de la série infinie de diagrammes obtenue pour les “self-energies” Σ et
Π, et non pas à l’ordre de tronquation des fonctions de corrélation et de réponse. En effet, comme nous venons
de le voir à l’ordre d’une boucle, un ordre fini en terme de Σ et Π conduit automatiquement à une resommation
partielle infinie de termes de tous ordres pour R et C. Cependant, ces resommations ne sont complètes que
jusqu’au même ordre que pour les “self-energies” (i.e. il manque certains des diagrammes d’ordre supérieur).

I
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  =    +   2   

... ... 

... ... 

C C

Fig. 2.9 – Les diagrammes obtenus à l’ordre d’une boucle pour la fonction de corrélation C dans le cadre de
la “méthode du col directe”. La première égalité correspond à l’éq.(2.40), où l’on note par des lignes doubles la
réponse non-linéaire R. La deuxième égalité montre les deux séries de diagrammes bulles resommés à cet ordre,
obtenues en remplaçant R par son expression en fonction de CL et RL, représentée sur la figure 2.8.

Ensuite, la solution de la première éq.(2.35) peut s’écrire [178, 181]

C = R × CL(ηI) × RT + R.Π.RT , (2.40)

où le premier produit ne contient aucune intégration sur le temps et nous prenons la limite ηI → −∞. De plus,
il convient de noter que dans le régime linéaire nous avons

CL = RL × CL(ηI) × RT
L . (2.41)

A partir des éqs.(2.39)-(2.41) et de la figure 2.8, nous voyons qu’à “l’ordre d’une boucle” (pour Σ et Π) l’ex-
pression (2.40) a resommé les deux séries de “diagrammes bulles” représentées sur la figure 2.9. Nous pouvons
vérifier que nous retrouvons en particulier les diagrammes obtenus à l’ordre d’une boucle sur la figure 2.5 dans
le cadre du développement perturbatif en puissances du vertex d’interaction cubique Ks (qui est équivalent à
la théorie des perturbations standard). En supplément, l’intégration des équations différentielles linéaires (2.35)
nous a permis de resommer un infinité (partielle) de diagrammes d’ordres supérieurs.

Ainsi, nous retrouvons le fait que les développements de grand N et la théorie des perturbations standard
coincident jusqu’à l’ordre de tronquation et ne diffèrent que par des termes d’ordre supérieur. Cette propriété
est essentielle, puisque nous visons à décrire le régime faiblement non-linéaire, en ce qu’elle nous assure que les
termes perturbatifs d’ordre le plus bas sont exactement pris en compte. L’espoir associé à de telles méthodes est
donc d’allier l’exactitude de la théorie des perturbations standard, qui décrit les premiers termes correctifs au
régime linéaire, à un comportement qualitatif (et si possible quantitatif) régularisé dans le régime non-linéaire, en
espérant par exemple que les resommations incluses dans ces approches évitent l’apparition de termes séculiers.
Ceci pourrait alors améliorer la convergence du développement perturbatif et agrandir son domaine de validité.

Fonctions à trois points

Le développement de grand N décrit dans le paragraphe précédent n’est pas limité au calcul des fonctions
de corrélation à deux points, et s’applique aussi aux fonctions de corrélation et de réponse d’ordre supérieur. En
particulier, dans le cadre général du formalisme d’intégrale de chemin la fonction de corrélation à trois points
peut s’écrire sous la forme [199]

C3(x1, x2, x3) = −C(x1, x
′
1)C(x2, x

′
2)C(x3, x

′
3)Γ3(x

′
1, x

′
2, x

′
3), (2.42)

où Γ3 est le “vertex à trois points habillé” (i.e. le vertex d’interaction Ks auquel on a rajouté les corrections
adéquates associées aux non-linéarités du système). Ici nous avons traité sur un même pied les champs ψ et λ,
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partielle infinie de termes de tous ordres pour R et C. Cependant, ces resommations ne sont complètes que
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coincident jusqu’à l’ordre de tronquation et ne diffèrent que par des termes d’ordre supérieur. Cette propriété
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Le développement de grand N décrit dans le paragraphe précédent n’est pas limité au calcul des fonctions
de corrélation à deux points, et s’applique aussi aux fonctions de corrélation et de réponse d’ordre supérieur. En
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où Γ3 est le “vertex à trois points habillé” (i.e. le vertex d’interaction Ks auquel on a rajouté les corrections
adéquates associées aux non-linéarités du système). Ici nous avons traité sur un même pied les champs ψ et λ,
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Ensuite, la solution de la première éq.(2.35) peut s’écrire [178, 181]

C = R × CL(ηI) × RT + R.Π.RT , (2.40)

où le premier produit ne contient aucune intégration sur le temps et nous prenons la limite ηI → −∞. De plus,
il convient de noter que dans le régime linéaire nous avons
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A partir des éqs.(2.39)-(2.41) et de la figure 2.8, nous voyons qu’à “l’ordre d’une boucle” (pour Σ et Π) l’ex-
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où Γ3 est le “vertex à trois points habillé” (i.e. le vertex d’interaction Ks auquel on a rajouté les corrections
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c) 2PI effective action method 
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séries infinies de diagrammes en termes des propagateurs linéaires CL et RL, telle que celle représentée sur la
figure 2.11, qui sont obtenues en substituant les expressions données sur les figures 2.8 et 2.9. En particulier,
ce diagramme (a) contient les cinq premiers diagrammes de la figure 2.6. De la même façon, les quatre derniers
diagrammes de la figure 2.10 contiennent aussi les quatres derniers diagrammes de la figure 2.6. On vérifie donc
à nouveau que cette méthode du col directe redonne les diagrammes du développement perturbatif standard
(mais organisés de manière différente) jusqu’à l’ordre de tronquation, auxquels sont ajoutés une série infinie
(incomplète) de diagrammes d’ordres supérieurs.

Les fonctions de corrélation d’ordre supérieur, à p points, s’obtiennent de la même manière. Il convient de
noter que, contrairement à l’approximation usuelle basée sur la tronquation de la hiérarchie BBGKY (qui relie
la fonction de corrélation Cp à la fonction d’ordre suivant Cp+1, et que l’on ferme généralement en prenant
Cp+1 = 0 à un certain ordre), dans ce développement de grand N toutes les fonctions de corrélation Cp sont
non-nulles même après tronquation à un ordre fini en 1/N pour les termes de “self-energy” Σ et Π et les vertex
propres Γp.

2.5.2 Action effective 2PI

Une approche alternative à la méthode du col directe présentée dans les paragraphes précédents est fournie
par la méthode de “l’action effective 2-particules irréductible” (2PI) [178, 181]. Elle consiste à introduire en
premier lieu la double transformée de Legendre ΓN [ψ, C] de la fonctionnelle WN = lnZN , où ZN est à nouveau
la fonctionnelle (2.33), et à calculer ensuite ΓN sous la forme d’un développement en puissances de 1/N . C’est
pour cette raison que nous avons appelé la méthode précédente “méthode du col directe”, car le développement en
1/N s’appliquait directement à la fonctionnelle génératrice des fonctions de corrélation, W , tandis que dans cette
deuxième méthode il s’applique à sa transformée de Legendre Γ. Comme la transformation de Legendre est une
opération non-linéaire ces deux développements ne sontpas identiques, et fournissent donc des résultats différents
selon que l’on tronque à un ordre fini sur W ou sur Γ. Il convient de noter qu’à l’ordre d’une boucle étudié ici,
cette approche coincide avec les méthodes “de couplage de modes” utilisées par exemple en hydrodynamique ou
en physique statistique [29]. Plus récemment, en transposant ces dernières approches au cas de la dynamique
gravitationnelle en cosmologie, Taruya et al. [166, 167] ont ainsi retrouvé les équations présentées ci-dessous,
puis étudié en détail l’application de cette méthode au calcul du spectre de puissance dans le régime associé aux
oscillations acoustiques baryoniques (en introduisant quelques approximations supplémentaires pour faciliter les
calculs numériques).
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Fig. 2.12 – Une série de diagrammes inclus dans les fonctions à deux points données par la méthode de l’action
effective 2PI, à l’ordre d’une boucle, qui n’étaient pas pris en compte par la méthode du col directe au même
ordre.

Cette méthode “2PI” mène en fait aux mêmes équations exactes (2.35) (qui peuvent en fait être vues
comme des définitions des termes correctifs Σ et Π par rapport au régime linéaire), mais avec une expression
différente des termes de “self-energy” Σ et Π. En fait, au lieu de s’écrire sous la forme d’un développement
diagrammatique en puissances des propagateurs linéaires CL et RL, Σ et Π sont maintenant donnés sous la
forme d’un développement diagrammatique en puissances des propagateurs non-linéaires C et R. A l’ordre
d’une boucle on obtient la même structure que les éqs.(2.37)-(2.38), où l’on remplace simplement CL et RL par
C et R :

Σ(x, y) = 4Ks(x; x1, x2)Ks(z; y, z2)R(x1, z)C(x2, z2) (2.45)

Π(x, y) = 2Ks(x; x1, x2)Ks(y; y1, y2)C(x1, y1)C(x2, y2). (2.46)

En termes diagrammatiques, cela signifie que Σ et Π sont donnés par les diagrammes de la figure 2.7 mais où
les lignes simples sont remplacées par des lignes doubles. Comme nous avons encore les équations de Schwinger-
Dyson (2.35), les propagateurs non-linéaires, R et C, sont à nouveau donnés par les expressions (2.39) et (2.40),
donc par les premières égalités des figures 2.8 et 2.9, mais où dans les bulles les lignes simples sont remplacées par

1-loop order
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perturbations standard, plus une infinité incomplète de termes d’ordres supérieurs, dont la resommation a permis
de régulariser ce terme séculier. Donc la méthode du col directe (à cet ordre) ne reproduit pas la décroissance
Gaussienne attendue à grand k, mais seulement une régularisation des termes séculiers et une décroissance
effective lorsque l’on intègre sur R du fait des oscillations de fréquence croissante dans le régime non-linéaire.

Nous comparons sur la figure 2.13 les différentes composantes, Rij(k; η1, η2), de la fonction de réponse non-
linéaire obtenues en intégrant numériquement l’éq.(2.47) (et son analogue pour R2), avec leurs correspondantes
linéaires, RL;i,j . Nous représentons la dépendance sur le temps η1 (panneaux de gauche) et sur le nombre d’onde
k (panneau de droite). Comme on le voit sur l’éq.(2.25) et sur la figure, la réponse linéaire présente une croissance
exponentielle avec η1 et est indépendante de k. En accord avec l’éq.(2.49), nous vérifions que la réponse non-
linéaire présente une croissance bornée par la réponse linéaire (au lieu d’une croissance plus forte dûe à des
termes séculiers comme dans l’approche standard) avec des oscillations dont la fréquence temporelle sur D1

crôıt avec k (comparer les deux panneaux de gauche). En terme de la dépendance sur k (panneau de droite),
nous vérifions que les réponses non-linéaires rejoignent les réponse linéaires en k → 0 (i.e. aux grandes échelles
quasi-linéaires) et restent bornées en k → ∞ (i.e. aux petites échelles très non-linéaires) avec des oscillations
dont l’amplitude à grand k est donnée par RL;i,j, en accord avec l’éq.(2.49).

Fonction de corrélation (spectre de puissance)

Fig. 2.14 – Le spectre de puissance logarithmique, ∆2(k) de l’éq.(2.51), aux redshifts z1 = z2 = 0 (i.e. à temps
égaux, figure de gauche) et aux redshifts z1 = 0 et z2 = 3 (i.e. pour deux temps différents, figure de droite).
Sont représentés le spectre linéaire, ∆2

L (tirets bleus), le résultat à une boucle de la théorie des perturbations
standard, ∆2

1loop (pointillés rouges), le spectre non-linéaire à une boucle de la méthode du col directe (2.40),

∆2 (ligne continue noire), la contribution associée au premier terme de l’éq.(2.40), ∆2
i (point-tiret vert), et le

résultat de simulations numériques [159], ∆2
nb (ligne continue bleue).

Pour calculer la fonction de corrélation non-linéaire nous n’avons pas besoin de résoudre la première équation
de Schwinger-Dyson (2.35) par une intégration pas-à-pas en temps. En effet, il nous suffit de calculer l’expression
explicite (2.40), qui nous donne directement C en tous temps une fois que nous connaissons Π et R. Plutôt
que C(k; η1, η2) nous représentons sur la figure 2.14 le spectre de puissance par intervalle de nombre d’onde
logarithmique,

∆2(k; η1, η2) = 4πk3 C11(k; η1, η2). (2.51)

Noter que pour des temps égaux, η1 = η2, C11 est le spectre de puissance du champ de densité usuel,
C11(k; η, η) = P (k, η). Les autres composantes Ci,j donnent les corrélations croisées entre le contraste de densité,
δ, et la divergence du champ de vitesse, θ, selon la définition (2.9). Par définition du spectre de puissance ce
dernier est nécessairement positif. Il est facile de vérifier à partir de la solution (2.40) et de l’expression (2.38)
que les composantes diagonales à temps égaux de la corrélation non-linéaire données par la méthode du col
directe, Ci,i(k; η, η), satisfont bien cette propriété exacte. Par contre, les corrélations à temps différents ne sont
pas nécessairement positives.

3) Results for the two-point correlation (i.e., power spectrum in Fourier space) 

4) Results for the response function
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Nous comparons sur la figure 2.14 la prédiction à l’ordre d’une boucle de la méthode du col directe avec la
théorie des perturbations standard et le résultat de simulations numériques [159]. Aux grandes échelles, k → 0,
nous vérifions que ces deux méthodes perturbatives se rejoignent, et finissent par tendre vers le spectre linéaire.
Aux petites échelles, k → ∞, la théorie des perturbations standard présente une croissance très forte, associée
aux termes séculiers (en loi de puissance) du développement (2.1), tandis que la méthode du col présente
une croissance modérée, qui se trouve être du même ordre que le spectre linéaire. Ceci provient bien sûr du
comportement de la fonction de réponse R analysé précédemment, où nous avons vu que les termes séculier
standards sont resommés sous la forme d’un cosinus, voir l’́eq.(2.49) et la figure 2.13. Les oscillations dûes à ce
facteur trigonométrique apparaissent clairement dans la contribution du premier terme de l’éq.(2.40), notée ∆2

i

sur la figure 2.14. Cette contribution correspond au simple transport des fluctuations initiales par la réponse non-
linéaire R. La deuxième contribution de l’éq.(2.40) fait intervenir la production de puissance dûe au couplage de
modes, à travers le terme de “self-energy” Π, et domine dans le régime faiblement non-linéaire. Dans le régime
fortement non-linéaire, aucune de ces méthodes (théorie standard et méthode du col directe) ne parvient à
reproduire les résultats des simulations numériques. Ceci n’est pas très surprenant étant donné que ce sont deux
méthodes perturbatives qui peuvent au mieux décrire le régime faiblement non-linéaire (d’autant qu’à petite
échelle il faudrait prendre en compte le caractère multi-flots de la dynamique, et donc aller au-delà du cadre
hydrodynamique).

2.6.2 Action effective 2PI

Nous décrivons maintenant quelques propriétés des fonctions à deux points obtenues dans le cadre de la
méthode de l’action effective 2PI présentée dans le paragraphe 2.5.2. Rappelons à nouveau que cette approche
coincide à l’ordre d’une boucle avec la méthode de couplage de modes, appliquée récemment sous le nom de
“closure theory” avec quelques approximations supplémentaires par [166, 167].

Fonction de réponse

Fig. 2.15 – Les composantes de la réponse non-linéaire R(k; η1, η2) en fonction du temps η1 (panneaux de
gauche) et du nombre d’onde k (panneau de droite), obtenues par la méthode de l’action effective 2PI à l’ordre
d’une boucle. Pour comparaison nous montrons aussi la premieère demi-oscillation des fonctions de réponse
obtenues par la méthode du col directe, représentées sur la figure 2.13, notées ici “sd”. Les fonctions de réponse
obtenues par la méthode de l’action effective 2PI tendent vers zéro dans le régime fortement non-linéaire, aux
grands temps à k fixé, avec un temps caractéristique de décroissance qui augmente avec k, ou aux grands k à
un temps donné.

Nous montrons sur la figure 2.15 les dépendances en η1 et k des fonctions de réponse obtenues par la
méthode de l’action effective 2PI à l’ordre d’une boucle, c’est-à-dire en résolvant numériquement les équations
de Schwinger-Dyson (2.35) avec les expressions (2.45)-(2.46) des termes de “self-energy”. Pour comparaison
nous traçons aussi la première demi-oscillation des fonctions de réponse obtenues par la méthode du col directe,
représentées sur la figure 2.13 dans la paragraphe 2.6.1. Comme attendu, du fait que toutes ces approches
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Fig. 10. The ratio of the nonlinear power spectrum P (k) to a smooth linear power spectrum PLs without acoustic
baryonic oscillations, from Eisenstein & Hu (1999). The points with error bars are the results from N-body simulations.
The black solid line PL is the linear power spectrum, and the upper blue dashed line P1loop is the prediction of standard
perturbation theory up to one-loop order. The green solid line P is the full nonlinear power spectrum, from Eq.(22),
whereas the lower blue dotted line Ppert is the perturbative part. The magenta dot-dashed line PS is the fit to simulations
from Smith et al. (2003) (which was not specifically designed to reproduce the baryon oscillations).

the ones developed in this article should prove useful to
obtain reliable predictions for P (k). Another advantage of
such models, as compared with simpler fitting formulas, is
that they should be quite accurate at large scales since they
are consistent with perturbation theory, up to the order of
truncation of the computation.

Thus, we plot in Fig. 10 the ratio of the power spec-
trum to a “no-wiggle” linear power spectrum PLs(k) which
does not include baryonic acoustic oscillations, in order to
see more clearly the low-k behavior. We can check that in
this range our model, based on the direct steepest-descent
resummation, shows a good match with the numerical sim-
ulations. As could be expected, it fares better than a di-
rect fit from Smith et al. (2003) which was not designed
to model this range with a high accuracy (but still re-
mains surprisingly good). Furthermore, the use of the di-
rect steepest-descent resummation proves to provide sig-
nificantly more accurate results than the standard pertur-
bation theory, truncated at one-loop order, given by the
well-known expressions

P1loop(k) = PL(k) + P22(k) + P31(k), (46)

where formulas for the terms P22 and P31 may be found
for instance in Bernardeau et al. (2002). Let us recall here
that the term Ppert(k) given by this direct steepest-descent
scheme contains no free parameter, nor any interpolation
procedure, and is consistent with standard perturbation
theory up to one-loop order (i.e. the difference between
P1loop and Ppert is due to the partial resummation of higher-
order terms). We can see in the left panel, at z = 0.35, that
around k ∼ 0.14hMpc−1 the curve Ppert is slightly above
the full nonlinear power spectrum P . This is due to the pref-
actor F2H(1/k) in Eq.(27), which is slightly below unity.
However, this is only a very small effect at these scales.
On the other hand, at higher k (e.g., k > 0.26hMpc−1 at
z = 0.35) the nonlinear power spectrum rises above Ppert

and keeps growing, while Ppert remains close to PL at high
k as seen in Fig. 9. This is due to the 1-halo contribution,
which starts being non-negligible. However, note that on
these scales the dependence on the details of the halo model
is extremely weak. Indeed, the three green curves plotted in

Fig. 9, associated with the prescription (40) for the concen-
tration c(M) and the two fits given by Dolag et al. (2004)
and Duffy et al. (2008), are also plotted in Fig. 10. However,
they almost exactly fall on top of each other and cannot be
distinguished in the figure.

Thus, Figs. 9 and 10 show that by combining pertur-
bation theories and halo models it is possible to obtain a
good model for the nonlinear density power spectrum, both
at quasi-linear and highly nonlinear scales. However, we can
see in Fig. 9 that in the intermediate regime, where∆2 ∼ 5,
our predictions fall below the N-body results. This is also
apparent in the high-k parts of Fig. 10, where the full non-
linear prediction P (k) starts to grow more slowly than the
power measured in the numerical simulations. This regime
corresponds to the transition between the 2-halo and 1-halo
contributions (see Fig. 9) and as such it is at the limit of
validity of the approximations used for both terms.

On the perturbative side, that is the 2-halo term, the
discrepancy can be due to the truncation at one-loop order
of the perturbative term. Indeed, we can expect that by
going to higher orders we can extend the range of valid-
ity of the the perturbative term Ppert and push the down-
turn shown by the blue dotted curve in Fig. 10 to higher
k. Within such resummation schemes this means that we
include all diagrams up to n loops, and partial resumma-
tions for higher-order terms. We can note that the discrep-
ancy looks somewhat more severe at z = 3 in Fig. 9. More
precisely, the range of k where there is a noticeable mis-
match before the 1-halo term becomes dominant (larger
than PL) is somewhat more extended than at z = 0.35.
This agrees with the results of Valageas (2010), where it
was found (within the Zeldovich framework) that the scope
of perturbation theory is somewhat greater at higher red-
shift for CDM power spectra, in the sense that the range
where higher-order perturbative terms are important (i.e.
larger than the non-perturbative correction associated with
shell crossing effects) is wider and that the perturbative ex-
pansion makes sense up to higher orders. However, we shall
not try to go beyond one-loop order in this paper and we
leave such a task to future works.

On the non-perturbative side, it is clear that by defi-
nition halo models are only phenomenological models and
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Fig. 2.17 – Le développement du champ non-linéaire ψ en puissances du mode linéaire croissant ψL, à partir de
l’éq.(2.57), jusqu’à l’ordre ψ4

L. Les disques noirs sont le vertex intégral K̃s, et les cercles blancs le mode linéaire
croissant ψL. Les nombres sont les facteurs multiplicatifs de chaque diagramme.

k k’ k k’ k k’k

w w w w w w
1 1 2 1 2 3

....

Fig. 2.18 – Les diagrammes supposés dominer dans la limite de grand k pour ψ(k). Tous les nombres d’onde
intermédiaires des champs ψL(wi) sont beaucoup plus petits, wi ! k, de sorte que k′ " k tout au long de la
ligne horizontale (“ligne principale”).

est dominée par les contributions avec un nombre minimal de modes hors du domaine [0, Λ], c’est-à-dire avec
un seul champ ψL(w) avec w " k et tous les autres dans cet interval 0 < w < Λ. Ceci repose donc sur une
hypothèse de séparation d’échelles. On suppose de plus que la série est dominée par les diagrammes du type de
ceux représentés sur la figure 2.18, où tous les champs de faible nombre d’onde wi sont directement connectés
à la “ligne principale” qui relie l’unique champ de grand w à la racine (l’extrémité gauche du diagramme) [47].
Il s’agit là plutôt d’une simplification du problème, permettant de mener les calculs, que d’une limite bien
contrôlée. On peut alors remarquer [182] que cette série de diagrammes est en fait engendrée par l’équation du
mouvement plus simple

ψ̂(x) = ψL(x) + 2K̃s(x; x1, x2).ψ
<
L (x1)ψ̂(x2), (2.59)

ù ψ<
L (x1) est le mode linéaire croissant restreint aux petits nombres d’onde, w1 < Λ (le facteur 2 vient de ce que

l’on peut associer ψ<
L à chacun des deux champs ψ(x1) et ψ(x2) dans l’équation du mouvement (2.10)), et nous

avons noté avec un chapeau, ψ̂, le champ non-linéaire obtenu dans cette approximation. En effet, en résolvant
comme d’habitude l’équation (2.59) sous la forme d’une série en puissances de ψL, où de K̃s (i.e. de manière
itérative), il est facile de vérifier que nous engendrons les diagrammes de la figure 2.18. Il est important de noter
que ψL(x) et ψ<

L (x1) sont des champs Gaussiens indépendants (car w1 #= k) et que l’équation du mouvement

(2.59) est maintenant une équation linéaire sur ψ̂.

+ ....  =C

Fig. 2.19 – Un diagramme contenu dans la resommation associée à la figure 2.18 pour la fonction de corrélation
à deux points, qui n’est pas inclus par les resommations de grand N à l’ordre d’une boucle.

En prenant ensuite la limite k/w $ 1 des vertex γs définis en (2.13), et en remplaçant les facteurs de Dirac
δD(w + k′ − k) par δD(k′ − k) dans les vertex K̃s le long de la ligne principale (i.e. on néglige les variations
du vecteur d’onde le long de la ligne principale par les branches adjacentes wi, du fait que wi ! k), l’équation
(2.59) conduit à

δ̂(k, η) = eηδL0(k) + α̂(k) eη

∫ η

ηI

dη′ δ̂(k, η′) avec α̂(k) =

∫

dw
k.w

w2
δL0(w). (2.60)
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l’éq.(2.57), jusqu’à l’ordre ψ4
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L (x1) est le mode linéaire croissant restreint aux petits nombres d’onde, w1 < Λ (le facteur 2 vient de ce que

l’on peut associer ψ<
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Fig. 2.19 – Un diagramme contenu dans la resommation associée à la figure 2.18 pour la fonction de corrélation
à deux points, qui n’est pas inclus par les resommations de grand N à l’ordre d’une boucle.

En prenant ensuite la limite k/w $ 1 des vertex γs définis en (2.13), et en remplaçant les facteurs de Dirac
δD(w + k′ − k) par δD(k′ − k) dans les vertex K̃s le long de la ligne principale (i.e. on néglige les variations
du vecteur d’onde le long de la ligne principale par les branches adjacentes wi, du fait que wi ! k), l’équation
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dw
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un seul champ ψL(w) avec w " k et tous les autres dans cet interval 0 < w < Λ. Ceci repose donc sur une
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Ici nous avons considéré le cas où les conditions initiales sont prises à l’instant fini ηI . Outre le fait que l’éq.(2.60)
est linéaire sur δ̂, la grande simplification par rapport à l’éq.(2.10) est que chaque mode k évolue indépendamment
des autres et le couplage de modes est représenté par la simple variable aléatoire Gaussienne α̂. L’éq.(2.60) se
résoud en

δ̂(k, η) = D δL0(k) eα̂(D−DI). (2.61)

Définissant la fonction de réponse par rapport aux conditions initiales,

RI(k, η;k′) = 〈
Dδ̂(k, η)

DδLI(k′)
〉 =

1

DI
〈
Dδ̂(k, η)

DδL0(k′)
〉, (2.62)

la moyenne Gaussienne est immédiate et donne :

RI(k, η;k′) = δD(k − k′)
D

DI
e−(D−DI)2k2σ2

v/2, (2.63)

où σv est la variance de la vitesse linéaire définie en (2.50) (et nous avons étendu la borne supérieure Λ de
l’intégrale sur w à +∞). Nous retrouvons donc le fait que dans cette approximation la fonction de réponse est
égale à la réponse linéaire (le facteur D/DI) multipliée par une décroissance Gaussienne en nombre d’onde k et
en temps D, ce qui avait été obtenu par Crocce & Scoccimarro [47] en resommant directement les diagrammes
de la figure 2.18. En comparant avec les méthodes de grand N décrites dans le paragraphe 2.6, nous voyons
que ces dernières capturent à un certain degré le même ph́enomène, mais avec une fonction de coupure plus
douce, qui est du type trigonométrique (2.49) pour la méthode du col directe, ou en loi de puissance inverse,
telle une fonction de Bessel (2.56), pour la méthode de l’action effective 2PI. Dans tous les cas, aux grands
nombres d’onde le taux de décroissance de la fonction de réponse non-linéaire fait intervenir la combinaison
kσv(D1 − D2). Le fait que nous obtenons des fonctions de coupure différentes pour ces diverses méthodes vient
de ce que l’on resomme des classes de diagrammes différentes. Ainsi, dans le cadre de la resommation étudiée
ici (“RPT”), la fonction de corrélation obtenue en joignant deux développements du type de la figure 2.18, où
l’on regroupe ensuite les modes linéaires croissants ψL par paires pour prendre la moyenne Gaussienne par le
théorème de Wick, contient des diagrammes du type de la figure 2.19, où l’on utilise les mêmes notations que
sur la figure 2.9. Ces derniers ne sont pas inclus dans les resommations de grand N , à l’ordre d’une boucle, car
ils font intervenir des croisements d’arches, au lieu des “bulles” caractéristiques de la méthode du col directe et
de l’action effective 2PI à cet ordre.

Il est intéressant de noter que dans ce cadre nous pouvons aussi calculer la fonction de corrélation associée
avec la solution (2.61), ce qui donne le spectre de puissance logarithmique

∆̂2(k; D1, D2) = ∆2
L(k; D1, D2) e−(D1−D2)2k2σ2

v/2. (2.64)

Nous obtenons à nouveau la prédiction du régime linéaire, ∆2
L, multipliée par le même facteur Gaussien

décroissant aux grands k et pour de grandes différences de temps, |D1 − D2|. Le fait que cette atténuation
de la fonction de corrélation n’intervient que pour des temps différents est également en bon accord avec les
résultats obtenus par les développements en 1/N , comme le montre la comparaison des panneaux gauche et
droit sur les figures 2.14 et 2.16.

En pratique, afin de calculer le spectre de puissance dans le régime faiblement non-linéaire on n’utilise pas
la limite de grand k de l’éq.(2.63) telle quelle, mais on fait une interpolation entre ce régime de grand k et
les premiers termes du développement perturbatif standard obtenus dans la limite quasi-linéaire k → 0 (par
exemple en utilisant le développement sur Ks décrit dans le paragraphe 2.4). On substitue ensuite cette fonction
de réponse améliorée dans l’expression (2.40), en utilisant pour le terme de “self-energy” Π l’expression (2.38),
qui s’écrit en fonction du spectre de puissance linéaire (en incluant éventuellement des termes d’ordre supérieur
pour améliorer les prédictions). La comparaison avec les simulations numériques montre que l’on reproduit bien
la fonction de réponse non-linéaire [46], mais que l’accord peut être encore amélioré en remplaçant la variance
linéaire σv par la variance non-linéaire, calculée en utilisant un fit basé sur le modèle des halos [48]. On obtient
alors un bon accord pour le spectre de puissance dans le régime faiblement non-linéaire, jusqu’à k ∼ 0.2h Mpc−1

à z = 0, ce qui permet d’étudier les oscillations baryoniques acoustiques. Il est interessant de noter que cette
prédiction est significativement plus précise que celle obtenue par le développement perturbatif standard tronqué
au même ordre [48].

Un avantage de la formulation (2.59)-(2.62) est de clarifier le sens physique de cette approximation. Nous
avons déjà vu qu’elle est basée sur une hypothèse de séparation d’échelles. Plus précisément, du fait que la
resommation ne fait intervenir que la variance de la vitesse linéaire σv, définie par (2.50), cela signifie que
l’on considère des nombres d’onde k très supérieurs au nombre d’onde typique, kv, qui domine l’intégrale
(2.50). On voit sur cette équation que kv est le nombre d’onde où la pente du spectre de puissance linéaire,
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n(k) = d lnPL0(k)/d ln k, est égale à −1, n(kv) = −1, soit typiquement kv ∼ 0.01h−1 Mpc−1 pour un spectre
CDM. Comme kv est constant (en coordonnées comobiles) et que le régime faiblement non-linéaire se déplace vers
des k plus élevés lorsque z augmente (rappelons le caractère hiérarchique de la dynamique, mis en évidence sur
les éqs.(1.12)-(1.13)), on comprend ainsi le fait vérifié sur les simulations que cette approximation est meilleure
à grand redshift.

Enfin, l’éq.(2.60) fait clairement apparâıtre que cette approximation néglige en fait les couplages de modes
aux grands k, qui déterminent les structures du champ de densité aux petites échelles (et ne sont réintroduits
que par le terme de “self-energy” Π dans l’éq.(2.40) pour calculer la fonction de corrélation et le spectre de
puissance). Elle ne garde trace que du déplacement d’ensemble de ces structures, par le champ de vitesse de
grande échelle (qui est supposé encore décrit par le régime linéaire). C’est pourquoi la série diagrammatique de

la figure 2.18 a pu être resommée sous la forme d’un facteur multiplicatif e−(D1−D2)
2k2σ2

v/2 qui ne fait intervenir
que la variance σv. En fait, prenant la transformée de Fourier inverse de l’éq.(2.61) nous obtenons en espace réel
(en prenant DI = 0)

δ̂(x, D) = δL(x − sL(q = 0, D), D), (2.65)

où sL(q, D) = D sL0(q) est le champ de déplacement linéaire. En d’autres termes, le champ δ̂(x, D) est simple-
ment le champ de densité linéaire habituel, mais translat́e de la quantité sL(q = 0, D), qui est le déplacement
linéaire de la particule initialement située à l’origine7. L’éq.(2.65) montre ainsi que la resommation de la fi-
gure 2.18, dans cette limite de grand k, correspond simplement à un déplacement uniforme des structures du
champ de densité. Le terme de décroissance Gaussienne dans les éqs.(2.63) et (2.64) traduit donc une perte
de mémoire apparante, dûe au déplacement d’ensemble aléatoire des structures entre deux instants différents
(“sweeping effect”), sans que ces structures aient disparu pour autant. Ceci explique aussi pourquoi le terme de
“damping” disparait (i.e. devient égal à l’unité) dans l’expression (2.64) de la corrélation du champ de densité
pour deux temps égaux.

Ce phénomène de transport par les modes de grande longueur d’onde du champ de vitesse est bien sûr un
effet réel, et la comparaison avec les simulations numériques montre que c’est même l’effet dominant pour ce
qui concerne la fonction de réponse. L’interêt de la resommation associée à la figure 2.18 est d’expliciter ce
phénomène en termes diagrammatiques, et de montrer comment il apparâıt dans le développement perturbatif
standard. Comme on l’a noté précédemment, cette bonne modélisation de la fonction de réponse permet ensuite
d’améliorer le calcul du spectre de puissance non-linéaire lui-même, par le biais d’expressions telles que (2.40)
qui font intervenir cette fonction de réponse.

Cependant, du point de vue du champ de densité, la resommation de la figure 2.18 n’a apporté aucune infor-
mation sur l’évolution des grandes structures (i.e. la déformation des objets dûe aux déplacements relatifs des
particules). De plus, il apparâıt qu’une bonne partie du travail à effectuer à travers de telles resommations, pour
ce qui concerne la fonction de réponse, va essentiellement consister à reproduire au mieux ce “sweeping effect”8.
L’idée qui vient alors naturellement à l’esprit pour court-circuiter cet aspect inintéressant de la dynamique est
de passer dans un formalisme Lagrangien, où le mode de translation uniforme est éliminé dès le départ des
équations du mouvement, qui se concentrent donc sur les déplacements relatifs. Nous décrivons donc dans le
paragraphe suivant comment la resommation de la figure 2.18 peut s’effectuer dans ce cadre Lagrangien (où elle
ne prend plus la même signification).

2.7.2 Formalisme Lagrangien

Dans le cadre d’une approche Lagrangienne on s’interesse aux trajectoires des particules, x(q, τ), où l’on note
par q la position comobile initiale (coordonnée Lagrangienne) de la particule située à la position x à l’instant τ
[115, 32, 31]. L’équation du mouvement s’écrit maintenant

∂2x(q)

∂τ2
+ H

∂x(q)

∂τ
= −∇xφ(q) avec ∆xφ =

3

2
ΩmH2δ(q). (2.66)

C’est l’analogue des équations d”Euler et de Poisson (1.2)-(1.3) du cadre Eulérien. Il faut noter que dans
l’équation de Poisson le Laplacien est pris comme d’habitude par rapport aux coordonnées x. Prenant la di-
vergence de la première éq.(2.66) par rapport à x et notant par un prime la dérivée partielle par rapport à la

7Le fait que l’origine, q = 0, apparaisse sélectionnée vient de ce que l’approximation δD(w +k′ −k) " δD(k′ − k) sur les vertex
de la ligne principale des diagrammes de la figure 2.18 a explicitement brisé l’invariance par translation des équations. Elle est
ultérieurement restaurée en traitant sL(q = 0, D) comme une variable aléatoire Gaussienne indépendante du champ δL, c’est-à-dire
que α̂ et δL0(k) sont traités comme des quantités indépendantes dans l’́eq.(2.61).

8Les expressions (2.61) et (2.65) ne donnant pas sa forme complète, car même aux grandes échelles le champ de vitesse n’est
pas exactement linéaire. Une partie des diagrammes va donc consister à calculer les corrections non-linéaires à ce déplacement
d’ensemble.

Sweeping effect

k ! w

R(k, τ ;k′, τI) = δD(k− k′)
D

DI
e−(D−DI)2k2σ2

v/2

Gaussian decay at late times

∂δ̃

∂τ
(k, τ) =

∫
dw1dw2 δD(w1 + w2 − k) (..) δ̃(w1, τ)δ̃(w2, τ)

∂δ̃

∂τ
(k, τ) = δ̃(k, τ)

∫
dw (..) δ̃L(w, τ)

{ {

P (k) =

δ̂(x, D) = D δL0[x− sL(q = 0, D), D]

R̃(k, τ ;k′, τI) = δD(k− k′)
D

DI
e−(D−DI)2k2σ2

v/2

α̂(k) =
∫

dw
k · w
w2

δ̃L0(w)

δ̂(k, D) = D δ̃L0(k) eα̂(D−DI)∂δ̃

∂τ
(k, τ) = δ̃(k, τ)

∫
dw (..) δ̃L(w, τ)

= α̂(k, τ) δ̃(k, τ)

“RPT” (M. Crocce & R. Scoccimarro, 2006a,b)
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CHAPITRE 2. MÉTHODES PERTURBATIVES 34

Fig. 2.20 – La réponse non-linéaire R̂(η) en fonction du temps η pour un nombre d’onde k tel que σ2
0 = 5/2.

où l’on moyenne sur la distribution de probabilité Gaussienne P(τij) des paramètres τij la solution κ̂(η; τij),
tirée des éqs.(2.75)-(2.77) au temps η pour ces valeurs des paramètres τij . Numériquement, il suffit donc de
résoudre les équations différentielles (2.75)-(2.77) sur une grille des paramètres τij , puis ensuite de pondérer
avec le poids Gaussien adéquat. Ce faisant, nous avons en fait effectué implicitement la resommation dans le
cadre Lagrangien des diagrammes analogues de ceux de la figure 2.18.

Ainsi, comme dans le cadre Eulérien, les grandes simplifications associées à cette approximation sont que
chaque mode k évolue indépendamment, et ce à travers une équation différentielle linéaire avec un petit nombre
de coefficients aléatoires qui représentent l’action du couplage aux autres modes. On a ainsi deux simplifications,
i) découplage effectif entre modes, car l’effet des autres modes w sur un mode k est donné par leur valeur linéaire
(i.e. on néglige toute rétro-action), ii) réduction de la moyenne sur un champ δL0(k) (avec donc un nombre infini
de degrés de liberté, ce qui conduit à des intégrales de chemin comme dans (2.15)) à une moyenne sur un petit
nombre de paramètres Gaussiens (qui se calcule par une intégrale ordinaire de faible dimensionnalité, voir
l’expression (2.81)).

Une analyse des éqs.(2.75)-(2.77) montre qu’aux temps longs R̂(η) tend vers une constante, c’est-à-dire que
R(k, η) suit la croissance en eη de la réponse linéaire au lieu de présenter une coupure Gaussienne comme dans
le cas Eulérien (2.63). Ceci est confirmé par un calcul numérique de la moyenne (2.81), obtenu à partir des
équations différentielles (2.75)-(2.77) et représenté sur la figure 2.20. On peut voir sur la définition (2.78) que
la variance des paramètres τij ne dépend que de la quantité σ2

0 définie par

σ2
0 =

4π

3

∫

dk k2PL0(k) = 〈δL0(0)2〉, (2.82)

où nous avons noté dans la deuxième égalité que σ2
0 est aussi la variance du contraste de densité linéaire δL0(x) en

un point x quelconque. La forme des équations différentielles (2.75)-(2.77) montre que la solution est invariante
sous la transformation {τij → λτij , η → η − lnλ}, ce qui signifie que la réponse normalisée R̂ ne dépend que de
la combinaison Dσ0, tout comme le facteur multiplicatif Gaussien de la réponse Eulérienne (2.63) ne dépendait
que de la combinaison Dkσv.

Le comportement observé sur la figure 2.20 montre ainsi que les fonctions de réponse Eulérienne et Lagran-
gienne présentent des propriétés très différentes. En particulier, comme on pouvait s’y attendre du fait que dans
le cadre Lagrangien nous ne sommes plus sensibles au “sweeping effect”, associé au transport quasi-uniforme
du champ de densité par les grandes longueurs d’onde du champ de vitesse linéaire, la réponse Lagrangienne
ne montre pas de décroissance Gaussienne rapide. En accord avec cette signification physique, c’est-à-dire le
fait que les équations du mouvement obtenues dans le cadre Lagrangien décrivent directement les mouvements
relatifs des particules, donc les déformations du champ de densité, nous vérifions sur (2.82) que la quantité qui
apparâıt dans les calculs n’est plus la variance de la vitesse linéaire en un point, σ2

v , mais la variance de la
densité linéaire en un point, σ2

0 .
Ici, il faut noter que l’hypothèse de séparation d’échelles, qui est sous-jacente aux resommations effectuées

dans ces limites de grand k, n’est plus valable pour un spectre CDM pour ce cadre Lagrangien. Dans le formalisme
Eulérien nous avons vu qu’elle était (marginalement) valable pour un spectre CDM, car l’échelle kv qui domine
l’intégrale (2.50) est finie, typiquement kv ∼ 0.01h Mpc−1, et de plus kv est inférieur aux nombres d’ondes
typique de la transition vers le régime non-linéaire (∼ 1h Mpc−1 à z = 0, et plus à grand redshift). Par contre,
dans le cadre Lagrangien, l’échelle kδ qui domine l’intégrale (2.82), où la pente du spectre de puissance linéaire
est égale à −3, est beaucoup plus petite que les échelles d’interêt cosmologique pour la formation des grandes

x(q, τ)Trajectories 
Divergence of the 
displacement field

κ(q, τ) = 3− ∂x
∂q

R(η) =
∫ ∞

−∞
κ̂(η; α̂, β̂) P(α̂, β̂) dα̂dβ̂

No Gaussian decay at late times

κ′′(k, η) +
1
2
κ′(k, η)− 3

2
κ(k, η) = eη α̂(k)

(
κ′′(k, η) +

1
2
κ′(k, η)

)
+ eη β̂(k)

(
ω′′(k, η) +

1
2
ω′(k, η)

)
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∂v
∂τ

+Hv + (v ·∇)v = −∇φ ∂v
∂τ

+
(

1− 3Ωm

2f

)
Hv + (v ·∇)v = 0

v =
(

dD+

dτ

)
u ∂u

∂D+
+ (u ·∇)u = 0 x = q + D+(τ)uL0(q)

∂u

∂t
+ u

∂u

∂x
= ν

∂2u

∂x2 ν → 0+

−3 < n < 1 : PδL(k, t) ∝ t2 kn+2
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Fig. 4.1 – Panneau de gauche : les trajectoires des particules obtenues pour une réalisation des conditions
initiales n = 0 (vitesse initiale de bruit blanc) à 1D. Les particules s’agglutinent lors des collisions, pour former
des amas de plus en plus massifs, et se propagent en ligne droite entre deux collisions. Panneau de droite : la
tessellation de type Voronoi obtenue pour une réalisation des conditions initiales n = 0 à 2D, à un instant donné.
Les lignes droites noires représentent les lignes de choc, qui entourent de grandes vides blancs (où la densité est
nulle). Toute la masse se retrouve dans des objets ponctuels (points rouges) situés aux intersections des lignes
de choc.

Nous clôre ce paragraphe, nous illustrons la dynamique de Burgers sur la figure 4.1 pour deux cas simples.
Le panneau de gauche montre dans le cas à une dimension les trajectoires obtenues pour une réalisation du cas
n = 0 (vitesse initiale de bruit blanc). En accord avec (4.5), les particules se déplacent à vitesse constante, sur
des lignes droites, entre les collisions, et elles s’agglutinent lors des chocs pour former des amas ponctuels de
plus en plus massifs (avec une masse typique qui crôıt comme t2/3 d’après la loi (4.18) ci-dessous). Le panneau
de droite montre dans le cas à deux dimensions l’état du système à un instant donné, pour une réalisation
du cas n = 0. Les particules se retrouvent à nouveau dans des objets ponctuels isolés, qui se situent ici à
l’intersection des lignes de choc qui délimitent les bords de grands vides (où la densité est nulle). Ceci forme une
tessellation similaire aux diagrammes de Voronoi, où les lignes de choc correspondent aux filaments produits
par la dynamique gravitationnelle cosmologique (mais dans le cas présent, où le spectre de puissance initial est
une loi de puissance, avec n = 0, sans coupure UV, les filaments ont une masse nulle, ce qui ne serait plus le
cas pour des conditions initiales plus régulières à petite échelle). La taille typique des vides et des “filaments”
crôıt comme t2/3 d’après la loi (4.18) ci-dessous, tandis que la masse typique des objets massifs ponctuels crôıt
comme t4/3.

4.2.2 Solution de Hopf-Cole et interprétation géométrique

Le terme diffusif du membre de droite de l’équation de Burgers (4.5) empêche les particules de se croiser et la
formation de plusieurs flots en un seul point de l’espace, donc contrairement au cas de la dynamique de Zeldovich
l’équation de type hydrodynamique (4.5) reste toujours valable. Il est bien connu que l’on peut en fait intégrer
exactement l’équation de Burgers (4.5) [82, 36], en faisant le changement de variable ψ(x, t) = 2ν ln Ξ(x, t) qui
transforme l’équation non-linéaire (4.5) en l’équation de la chaleur, qui est linéaire. On obtient ainsi la solution
explicite de Hopf-Cole :

ψ(x, t) = 2ν ln

∫ ∞

−∞

dq√
4πνt

exp

[

ψ0(q)

2ν
−

(x − q)2

4νt

]

. (4.12)

Dans la limite inviscide, ν → 0+, l’intégrale est dominée par le maximum de l’exponentielle, et une méthode du
col donne :

ν → 0+ : ψ(x, t) = max
q

[

ψ0(q) −
(x − q)2

2t

]

, u(x, t) = u0(q) =
x − q(x, t)

t
, (4.13)

où nous avons introduit la coordonnée Lagrangienne q(x, t), définie comme le point où le maximum dans la
première expression (4.13) est atteint [33, 14]. C’est aussi la coordonnée Lagrangienne au sens usuel (i.e. la
position initiale en t = 0) de la particule qui se retrouve au point x à l’instant t.
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FIG. 12: The distribution of shocks in the position-mass
plane. Each cross corresponds to a shock, observed at a given
time for one realization of the Gaussian initial conditions (25)
with n = 0 (upper panel) and n = −2 (lower panel). The po-
sition X and the mass M are the scaling variables (51).

2. Shock mass function

By averaging over many realizations, and over several
output times for each realization (thanks to the self-
similarity of the dynamics), we can measure the shock
mass function N(M)dM , defined as the mean number of
shocks of mass within [M,M + dM [ over a unit-length
interval. We have shown our results for several values
of the index n in Fig. 1 (to avoid having a huge vertical
range we actually plot the product M ×N(M)). We can
clearly see the power-law regime at low mass and the ex-
ponential cutoff at high mass, with a strong dependence
on n. We can check that our numerical results agree with
the exact analytical results that have been obtained for
both cases n = 0 [11, 12],

n = 0 : N(M) = 2M

∫ +i∞

−i∞

ds1
2πi

e−s1M

Ai(s1)2

×
∫ +i∞

−i∞

ds2
2πi

es2MAi′(s2)

Ai(s2)
, (B1)

and n = −2 [14, 15],

n = −2 : N(M) =
1√
π
M−3/2 e−M . (B2)

FIG. 13: The derivative −d ln[N(M)]/d ln(M) at low mass.
The horizontal dashed lines show the asymptotic behavior
(B3). For n = −2 the curved dashed line is the exact deriva-
tive obtained from Eq.(B2).

In agreement with Fig. 12, the shock mass function grows
more slowly than 1/M at low mass for −1 < n < 1,
which leads to a finite number of shocks per unit length,
whereas it grows faster than 1/M for −3 < n < −1,
which leads to an infinite number of shocks per unit
length because of a divergent number of small shocks
(while the total mass remains unity).
We have checked in Fig. 2 that the high-mass tail of

the shock mass function agrees with the analytical pre-
dictions (57)-(59). For n = −2 we can also check that
our numerical result agrees reasonably well with the exact
derivative obtained from Eq.(B2). For n = −1.5, using
the normalization given in Eq.(58) (i.e. I−1.5) appears
to provide a reasonable approximation to the high-mass
asymptote. This means that for −2 < n ≤ −1.5 shocks
have not significantly modified the quantitative profile of
the saddle point. It is interesting to note that the rate
of convergence to the asymptotic regime (57) decreases
with n. This is also due to the fact that the exponen-
tial cutoff is smoother for lower n, in agreement with the
exponent (57) and Fig. 1, so that the rare-event limit
associated with these asymptotic behaviors is reached at
higher masses for lower n. Note that the deviations from
the asymptotic behavior (57) are magnified in Fig. 2 and
would appear much smaller in Fig. 1 as the exponential
falloff is already very steep over this mass range and one
would not distinguish in this figure the subdominant ef-
fect of power-law prefactors.
At low mass, previous numerical simulations and

heuristic arguments [7, 10] suggest the power-law tail

− 3 < n < 1, M → 0 : N(M) ∼ M (n−1)/2, (B3)

which has only been proved rigorously for the white-noise
case n = 0 [11, 12] and the Brownian case n = −2
[14, 15]. As seen in Fig. 13, where we plot the deriva-
tive −d ln[N(M)]/d ln(M), our numerical results agree
with the scalings (B3), and for n = −2 with the full re-
sult (B2). Contrary to the high-mass tail, the rate of
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- D=1:   formation of shocks
By proceeding as in two dimensions, we can write the
analog of (43) in which b, µ and β must now be reinter-
preted as (d− 1)-dimensional vectors. As to the integra-
tion domain D, it is now defined by J(a,b) < ρ0/ρ and
the negativity of the l.h.s. of (48), which expresses the
belonging to the regular domain.

We now observe that
∑d−1

i=1 βibi plays here the same
role as βb in the two-dimensional case. There is no b-
dependence other than this. Hence, assuming that not
all the βi’s vanish (otherwise we have a preshock) we
can change variables in the b-space, taking one axis in
the direction of

∑d−1
i=1 βibi. The integration in all the

b-directions orthogonal to this direction is trivial and
gives order unity contributions. The remaining integral
is just the same as in two dimensions. Hence, in any
dimension d > 2, the contribution stemming from such
kurtoparabolic manifolds of codimension two is again a
ρ−7/2 tail in the pdf of the density.

For d = 3 another type of singularity with vanishing
Hessian has been identified, denoted by A1A3 in Ref. [34].
It corresponds to a kurtoparabolic point at which the
tangent (hyper)plane has another point of tangency with
the graph of the Lagrangian potential. Such points do
not contribute to the leading order of the pdf for large
densities. For d > 3, higher-order singularities such as
the A5-points of Ref. [34] can appear generically and we
do not know how they affect the -7/2 law.

V. CONCLUDING REMARKS

In this paper we determined the pdf of the mass den-
sity for the Burgers equation in the inviscid limit for
smooth initial conditions which are random but not nec-
essarily homogeneous. We showed that in one, two and
three dimensions this pdf has a power-law tail with ex-
ponent -7/2. In one dimension this tail originates from
preshocks, that is nascent shocks which take place at dis-
crete times, whereas in two and three dimensions the tail
comes from time-persistent boundaries of shocks (associ-
ated in Lagrangian space to kurtoparabolic singularities).
In the neighborhood of such points, arbitrary large but
finite densities are present. Note that, in any case, the
-7/2 law is due to a phenomenon of shock germination,
either in space-time or just in space.

The density pdf will of course be modified if, instead
of the limit of vanishing viscosity, we assume a finite but
small viscosity. A similar question has already been con-
sidered by Gotoh and Kraichnan [25] for the pdf of large
(negative) velocity gradients ξ in one-dimensional forced
Burgers turbulence; they found that, at very large values
of ξ there is a power-law range with exponent -1, different
from the exponent prevailing at those values of ξ where
the inviscid limit is achieved. Similarly, we expect that,
due to the large shear inside shocks, the -7/2 tail in the

density pdf would become just an intermediate asymp-
totic range, beyond which another law should prevail.

v

x x
- +x

FIG. 6. Position-velocity phase space for the
(Jeans)–Vlasov–Poisson equation in one dimension. Support
of the particle distribution at various times for single-speed
initial conditions.

As mentioned in the Introduction, the Burgers equa-
tion with vanishing viscosity is used by cosmologists, un-
der the name of adhesion model, to approach the prob-
lem of the formation of large scale structures. In prin-
ciple, the appropriate mathematical framework should
involve partial differential equations for density and ve-
locity, coupled to the Poisson equation for the gravi-
tational potential. The initial velocity (in an expand-
ing universe at decoupling) is then determined uniquely
in terms of initial density fluctuations (see, e.g., Sec-
tion 2.2.2 of Ref. [15]). When dealing with dustlike colli-
sionless matter, a hydrodynamical description cannot be
justified on the usual grounds that local thermodynamic
equilibrium is quickly achieved. However, as long as par-
ticles do not cross, a quasi-hydrodynamical description,
without any viscous diffusion term, is suitable. After
crossing, the multi-stream situation may be described
pseudo-microscopically in terms of a distribution func-
tion f(x,v, t) in the position-velocity phase space satis-
fying the d-dimensional (Jeans)–Vlasov–Poisson [38]

∂tf(x,v, t) + (v ·∇x −∇x ·∇v) f = 0, (49)

supplemented by the Poisson equation, relating the grav-
itational potential to the density ρ(x, t) ≡

∫

f(x,v, t) dv.
(We omitted the expansion factor for simplicity.) In
(49), the position and velocity variables are in prin-
ciple independent, but the relevant solutions for the
pseudo-microscopic description are of the “single-speed”
type. By this we understand that the distribution f has
its support on a d-dimensional submanifold of the 2d-
dimensional phase space such that, initially, there is a
single velocity u0(x) associated to a given position x.
Such single-speed solutions may, after particle crossing,
possess more than one velocity for a given x. The distri-
bution f does however remain well-defined (see Fig. 6,
which corresponds to the one-dimensional case). For
smooth initial data, the support of f remains smooth
even after particle crossing (see Ref. [39] for the one-
dimensional case). In one dimension, it is easy to show
that, near a point x∗ where the tangent to the graph of
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of vanishing viscosities. In that case, we can use a saddle-
point argument to express the solution for the velocity
potential at any time t > 0 as

ψ(x, t) = max
x0

[
ψ(x0, 0) − (x − x0)2

2t

]
. (7)

At small times, the location x0 where the maximum is
realized will be x0 = x − u(x0, 0), i.e. the initial position
of the fluid particle which reaches x at time t, with ve-
locity u(x0, 0). In this view, it is natural to call x0(x) the
inverse Lagrangian function. At later times, the maximum
will be reached at more than one position of space, show-
ing that initially separated particles have come together.
At this time shocks are formed in the velocity profile.

In the limit of vanishing viscosities, Burgers equation
is scale invariant, i.e. it is unchanged under the trans-
formation (x → λx, t → λ1−ht) for any value of h if
the velocity is also rescaled u → λhu. Thus if the ini-
tial conditions are self-similar with a given scaling ex-
ponent h, then the solution at any time t will also be
self-similar although the scaling exponent can, and gener-
ally will, be different. But the statistical properties of u
at time t2 and scale #2 can be derived from those at
time t1 and scale #1 = #2(t1/t2)1/1−h. The distribution
of u at time t2 is then that of the distribution at time t1
of (t2/t1)h/1−hu(#1, t1). We thus infer that any charac-
teristic scale of decaying Burgers turbulence varies with
time as

#(t) ∝ t1/1−h (8)

if the initial conditions have a scaling exponent h.
We are interested in random initial conditions. A con-

venient choice is to use a Gaussian random process for the
initial velocity u(x, 0). Such fields have Fourier spectrum
components with independent (uncorrelated) phases and
a Gaussian distribution with variance

〈|û(k, 0)|2〉 ∝ k−1−2h. (9)

In the following, the statistical quantities at time t are un-
derstood as ensemble averages over this Gaussian distri-
bution and computed over many realizations. The results
reported in this study are shown for h = −1/2 (white noise
initial velocity), but they are insensitive to the choice of a
precise negative value of h, corresponding to homogeneous
initial velocity fields.

2.2 Burgers turbulence

We briefly describe here the numerical schemes and main
phenomenological characteristics of the computed velocity
field.

An interval of space of finite length Lmax is discretized
over N grid points (N = 215 = 32768 in the results re-
ported here). Periodic boundary conditions are used to
minimize end effects. One very nice feature of the Hopf-
Cole solution (5) is that it can be discretized so that
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Fig. 1. Velocity profile for one realization of white noise initial
velocity, shown at two successive times t1 and t2 ! t1. Bottom:
space-time diagram of the shock formation.

the solution at time t can be computed from the ini-
tial conditions in a single step – thus avoiding integra-
tion over intermediates times. The computing cost of the
maximization operation can be reduced from an appar-
ent N2 to N log2 N using the monotonicity of the inverse
Lagrangian function as shown in [20] (N is the number
of grid points). This computingefficiency allows the high
resolution used here which is particularly important as we
aim to compute accurately quantities which are related
to the (cube of) local gradients; it also permits to do a
very large number of realizations to compute statistical
properties (about 107 realizations are used in the results
reported here).

We show in Figure 1 typical velocity profiles. The ini-
tial condition, as in all of the figures shown, is chosen
with h = −1/2, corresponding to an initial velocity field
white in space. One observes that as times develops, the
number of shocks decreases and their separation increases,
due to the collision and merging of the shocks. In fact
the mean separation between shocks varies with times
as t1/1−h = t2/3, like any length scale in the problem.
The amplitude of the shocks decreases as #(t)/t = t−1/3

because of the progressive cancellation of the velocities as
shocks merge.

Noullez & Pinton (2002)

the randomness decreases 
with time: different from N.S.

direct dependence on the initial 
conditions (no chaos)

Kida (1978)
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where ψ(x, 0) is the initial (Lagrangian) velocity poten-
tial (see, e.g. Ref. 10). Eq. (2) can be implemented nu-
merically in a very efficient way using the Fast Legendre
transform algorithm.11 A particularly interesting initial
condition which has been much studied (for example be-
cause it arises in cosmology11,12,13) is to take for u(a, 0)
the bilateral Brownian motion curve passing through the
origin (see Fig. 1). For a ≥ 0 it is defined as a Gaussian
random function with zero mean and with correlation
function 〈u(a, 0)u(a′, 0)〉 = inf(a, a′). For a < 0 it is
defined as ũ(−a, 0) where ũ(a, 0) is another realization
of u(a, 0) independent of u(a, 0). With such choice of a
self-similar initial condition it is easily shown that the
statistical properties of the solutions at any two given
non-vanishing times are related by a simple change of
scale.12 Thus no generality is lost by assuming t = 1, as
we shall do here.

In practice u(a, 0) is generated as a bilateral ran-
dom walk (with steps ±

√
∆a ) on a regular grid with

mesh ∆a = 10−3, covering the Lagrangian interval
[−Llag, +Llag] where Llag = 103. The solution is calcu-
lated in a much smaller Eulerian interval [−Leul, +Leul]
with Leul = Llag/100 = 10 to ensure that the probabil-
ity to have a Lagrangian antecedent outside the interval
[−Llag, +Llag] is negligibly small. It is important not to
take initial conditions just from a Fourier series since this
would make the initial condition periodic, thereby loosing
incremental homogeneity in favor of homogeneity, which
is dynamically preserved. Periodicity, assumed in pre-
vious numerical studies,11 thus cannot reveal what we
see here. Fig. 2 shows the second-order structure func-
tion 〈(u(x + r) − u(x))2〉 obtained after averaging over
105 realizations of the initial conditions. It is here plot-
ted against the absolute position x at fixed separation r.
A strong dependence on x reveals that incremental ho-
mogeneity does not hold, except at very large x where the
structure function becomes translation-invariant. The
validity of the numerical results was tested by increasing
by one order of magnitude the length of the Lagrangian
interval and decreasing the number of realizations so that
the computation remains manageable. Exactly the same
picture as before is obtained, but of course with noisier
statistics.

A proof of the loss of incremental homogeneity in the
temporal evolution from an initially incrementally homo-
geneous velocity can be given for the case of smooth ini-
tial data. The general idea is that as long as there are no
shocks the solution can be Taylor expanded in time. The
second-order structure function can then be calculated
perturbatively and shown not to be translation-invariant.
Actually for Gaussian initial data some of the realizations
will develop shocks after very short times but their con-
tribution to the structure function can be bounded by
terms which are exponentially small in 1/t2. Because of
its perturbative nature it is likely that the proof can be
extended to the case of the 3-D Euler or Navier–Stokes
equations. The proof is quite long and technical; its de-
tails do not belong here.
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FIG. 1: A snapshot of a Brownian initial velocity (thin line)
and the corresponding solution to the Burgers equation at
time one (thick line); notice the proliferation of shocks.
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FIG. 2: The second-order structure function for various sep-
arations r, plotted vs the absolute position x. Notice the
strong x-dependence, evidence that incremental homogeneity
does not hold. At large x the graphs become flat (not shown).

Since incrementally homogeneous random functions
may be obtained by infrared limits of homogeneous ran-
dom functions for which homogeneity persists under
Burgers or Navier–Stokes dynamics, it is of interest to un-
derstand how homogeneity and incremental homogeneity
are lost when the limit is taken. For concreteness we
shall consider the Burgers equation with an initial veloc-
ity which is the Gaussian Ornstein–Uhlenbeck process
(OUP). The argument given below is actually very gen-
eral and can be applied mutatis mutandis to the Navier–
Stokes equation. The OUP u(x, 0; k0) has the spectrum
1/(k2

0 + k2). Hence its correlation length L ∼ 1/k0 and
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Since incrementally homogeneous random functions
may be obtained by infrared limits of homogeneous ran-
dom functions for which homogeneity persists under
Burgers or Navier–Stokes dynamics, it is of interest to un-
derstand how homogeneity and incremental homogeneity
are lost when the limit is taken. For concreteness we
shall consider the Burgers equation with an initial veloc-
ity which is the Gaussian Ornstein–Uhlenbeck process
(OUP). The argument given below is actually very gen-
eral and can be applied mutatis mutandis to the Navier–
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FIG. 6: (Color online) The partition of the Lagrangian space
associated with triangular facets of the convex hull ϕ(q) of
the linear Lagrangian potential. We plot the triangulation
in terms of the dimensionless scaling coordinates (Q1, Q2).
The Lagrangian potential realization corresponds to the case
n = 0 (upper panel) and n = −2 (lower panel).

with triangles of area of order unity, that is, shock nodes
with a mass of order unity.

The Lagrangian space triangulation shown in Fig. 6,
which arises from the triangular facets of the convex hull
ϕ(q), is associated with a dual partition of the Eulerian
space, which arises from the planar facets of the Legen-
dre transformH(x). Indeed, as explained in Sect. III, the
convex functionsH(x) and ϕ(q) are Legendre transforms
of each other, and the planar facets of ϕ(q) are associ-
ated with vertices of H(x), given by the second Eq.(36),
whereas vertices of ϕ(q) (i.e. the nodes of the triangula-
tion of Fig. 6, where ϕL makes contact with its convex
hull) are associated with planar facets of H(x), with a
slope given by the first Eq.(36).

We show in Fig. 7 the resulting “Voronoi-like” tessella-
tion of the Eulerian space obtained for a realization of the
initial potential ψ0 at a given time, for the n = 0 case. In
agreement with the Lagrangian triangulations obtained
in Fig. 6, we can see that in the case n = 0 shock nodes

FIG. 7: (Color online) The “Voronoi-like” tessellation of the
Eulerian space associated with planar facets of the convex
function H(x). It is the dual of the Lagrangian space tri-
angulation of Fig. 6. We plot the diagrams in terms of the
dimensionless scaling coordinates (X1, X2) for the case n = 0.

are isolated and in finite number per unit area, while void
sizes are of order unity. In the case n = −2 cells have
such a small area (which keeps decreasing as we increase
the numerical resolution) that vertices appear to cover
the whole plane, suggesting that shock nodes are dense,
as in the one-dimensional case.
Finally we show in Fig. 8 the Lagrangian coordinate

Q1 (upper panel) and the velocity component U1 (lower
panel) over the Eulerian X-plane, for the case n = 0. As
explained above, within each of the “Voronoi-like” cells
shown in Fig. 7 the Lagrangian coordinate Q is constant,
so that the surface Q1(X) shows a series of flat plateaus
delimited by the boundaries of these cells, where finite
jumps take place. Along the X2 direction jumps in Q1

can be both positive and negative, with an even distri-
bution as the system is statistically homogeneous and
isotropic, but jumps are always positive along the X1 di-
rection. This is a consequences of elementary properties
of the Legendre transform: as can be seen from the first
Eq.(36) and the fact that H(x) is convex, we have the
two relations (and similarly in higher dimensions)

∂q1
∂x1

≥ 0,
∂q2
∂x2

≥ 0, (47)

which generalize the same one-dimensional property.
However, as explained above, while in one dimension this
non-crossing property is sufficient to reconstruct the di-
rect Lagrangian map, q #→ x, in higher dimensions this
requires the use of the second Legendre transform (37).
Note that by the same convexity argument we also have

∂x1

∂q1
≥ 0,

∂x2

∂q2
≥ 0. (48)

Over the “Voronoi-like” cells, q being constant we can
see from Eq.(11) that the velocity components are affine
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FIG. 6: (Color online) The partition of the Lagrangian space
associated with triangular facets of the convex hull ϕ(q) of
the linear Lagrangian potential. We plot the triangulation
in terms of the dimensionless scaling coordinates (Q1, Q2).
The Lagrangian potential realization corresponds to the case
n = 0 (upper panel) and n = −2 (lower panel).

with triangles of area of order unity, that is, shock nodes
with a mass of order unity.

The Lagrangian space triangulation shown in Fig. 6,
which arises from the triangular facets of the convex hull
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whereas vertices of ϕ(q) (i.e. the nodes of the triangula-
tion of Fig. 6, where ϕL makes contact with its convex
hull) are associated with planar facets of H(x), with a
slope given by the first Eq.(36).

We show in Fig. 7 the resulting “Voronoi-like” tessella-
tion of the Eulerian space obtained for a realization of the
initial potential ψ0 at a given time, for the n = 0 case. In
agreement with the Lagrangian triangulations obtained
in Fig. 6, we can see that in the case n = 0 shock nodes

FIG. 7: (Color online) The “Voronoi-like” tessellation of the
Eulerian space associated with planar facets of the convex
function H(x). It is the dual of the Lagrangian space tri-
angulation of Fig. 6. We plot the diagrams in terms of the
dimensionless scaling coordinates (X1, X2) for the case n = 0.

are isolated and in finite number per unit area, while void
sizes are of order unity. In the case n = −2 cells have
such a small area (which keeps decreasing as we increase
the numerical resolution) that vertices appear to cover
the whole plane, suggesting that shock nodes are dense,
as in the one-dimensional case.
Finally we show in Fig. 8 the Lagrangian coordinate

Q1 (upper panel) and the velocity component U1 (lower
panel) over the Eulerian X-plane, for the case n = 0. As
explained above, within each of the “Voronoi-like” cells
shown in Fig. 7 the Lagrangian coordinate Q is constant,
so that the surface Q1(X) shows a series of flat plateaus
delimited by the boundaries of these cells, where finite
jumps take place. Along the X2 direction jumps in Q1
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Eq.(36) and the fact that H(x) is convex, we have the
two relations (and similarly in higher dimensions)
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≥ 0, (47)

which generalize the same one-dimensional property.
However, as explained above, while in one dimension this
non-crossing property is sufficient to reconstruct the di-
rect Lagrangian map, q #→ x, in higher dimensions this
requires the use of the second Legendre transform (37).
Note that by the same convexity argument we also have
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∂q2
≥ 0. (48)
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in 2D, n = 0:

Network of filaments and clusters,
in Eulerian space

Partition of (initial)
Lagrangian space
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Fig. 4.2 – La construction géométrique de la solution de Hopf-Cole (4.13), en terme de paraboles de premier
contact. Le point x′ est régulier tandis qu’il y a un choc au point x.

où nous avons choisi la normalisation de la longueur caract́eristique L(t), et la constante D est définie en (4.8).
Alors, les distributions de probabilité écrites en fonction de ces variables ne dépendent plus du temps, et l’échelle
X = 1 est la longueur caractéristique du système. Aux grandes échelles quasi-linéaires, X ! 1, les fluctuations
de densité sont faibles et les distributions fortement piquées autour de leur valeur moyenne, avec des queues
de distribution qui sont directement liées aux conditions initiales. Aux petites échelles, X " 1, les fluctuations
de densité sont importantes et les distributions de probabilité se comportent comme des lois de puissance sur
de grands intervalles [186, 185, 187]. On peut noter que la loi d’échelle (4.17) reste valable en dimension d
quelconque, si les conditions initiales sont définies par le spectre de puissance linéaire PδL(k, t) ∝ t2 kn+3−d.
Pour les mêmes conditions initiales, la dynamique gravitationnelle cosmologique développe la même évolution
auto-similaire, comme nous l’avons rappelé dans le chapitre 1 [126].

La solution (4.13) a une interprétation géométrique bien connue en terme de paraboles [33, 14]. En effet,
considérons la famille de paraboles montantes Px,c(q), centrées au point x et de hauteur c, avec un rayon de
courbure t :

Px,c(q) =
(q − x)2

2t
+ c, (4.20)

et descendons verticalement Px,c(q) depuis c = +∞, quand la parabole est partout au-dessus du potentiel
initial ψ0(q) (ceci est possible pour les conditions initiales (4.8), puisque nous avons alors |ψ0(q)| ∼ q(1−n)/2,
qui crôıt moins vite que q2 à grande distance), jusqu’à ce qu’elle touche la courbe ψ0(q). Alors, l’abscisse q de
ce point de premier contact est la coordonnée Lagrangienne q(x, t) introduite en (4.13). Si le premier contact
se fait simultannément en deux points, q− < q+, il y a un choc à la position Eulérienne x et toute la matière
initialement située dans l’intervalle [q−, q+] se retrouve en x. On peut construire de cette manière l’application
Lagrangien inverse, x '→ q(x, t). Comme q(x) est monotone croissante, on peut ensuite obtenir sans ambiguité
l’application l’inverse, q '→ x(q, t), qui donne la trajectoire des particules (application Lagrangienne directe, il
suffit de tourner de 90 degrés la figure q(x)). Une illustration de cette construction géométrique est représentée
sur la figure 4.2, où nous voyons un point régulier x′ à gauche et un point choc x à droite.

4.3 Vitesse initiale Brownienne

4.3.1 Méthode de calcul

Une condition initiale particulièrement intéressante est le cas n = −2, où la vitesse initiale u0(x) est un
mouvement Brownien bilatéral, partant de l’origine. En effet, dans ce cas on peut obtenir une description
analytique complète des propriétés du système, à partir de la construction géométrique de la figure (4.2) et grâce
au caractère Markovien du mouvement Brownien. En effet, pour n = −2 nous pouvons écrire les conditions
initiales en terme d’un bruit blanc ξ(q) sous la forme :

u0(q) = −
∫ q

0
dq′ ξ(q′), ψ0(q) =

∫ q

0
dq′

∫ q′

0
dq′′ ξ(q′′), avec 〈ξ(q)〉 = 0, 〈ξ(q)ξ(q′)〉 = D δD(q − q′), (4.21)

c’est-à-dire que u0(q) est un mouvement Brownien bilatéral partant de l’origine (u0(0) = 0). Comme expliqué
dans le paragraphe 4.2.1, pour ces conditions initiales qui tombent dans la “classe IR”, afin de bien définir le
système il faut soit rajouter une coupure aux grandes longueurs d’onde (par exemple en définissant le système

- Geometrical construction

shock
(pointlike cluster)

regular
point

inverse Lagrangian map,              ,
given by first-contact points

x !→ q

ψ(x, t) = 2ν ln
∫ ∞

−∞

dq√
4πνt

exp
[
ψ0(q)
2ν

− (x− q)2

4νt

]
u(x, t) = −∂ψ

∂x

ν → 0+ : ψ(x, t) = max
q

[
ψ0(q)−

(x− q)2

2t

]
, u(x, t) = u0(q) =

x− q(x, t)
t

Px,c(q) =
(q − x)2

2t
+ c
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Fig. 4.3 – Panneau de gauche : la distribution de probabilité PX(η), éq.(4.26), de la surdensité sur un intervalle
de longeur X , pour trois valeurs de la longueur réduite X = x/(2Dt2). Une plus petite valeur de X correspond
à une plus petite longueur ou un temps plus long, donc à un régime plus fortement non-linéaire. Panneau de
droite : la distribution de probabilité PX(η) sur une échelle logarithmique.

Kx,c(q1, ψ1; q2, ψ2), et on peut à nouveau factoriser les diverses distributions de probabilité en produits d’un
petit nombre de facteurs Kx,c [64, 186].

Pour des exposants n génériques, −3 < n < 1, cette factorisation n’est plus possible, car les propriétés du
potentiel ψ0 à droite d’un point q ne dépendent plus d’un nombre fini de variables (par exemple sa valeur en
q et ses p premières dérivées en ce point) mais de la forme complète de ψ0 à gauche de ce point. On peut
bien sûr exprimer cette dépendance, et les probabilités recherchées, sous la forme d’intégrales de chemin, qui
font apparâıtre explicitement les dépendances sur la courbe ψ0(q) complète, mais on obtient des expressions
complexes que l’on ne sait plus calculer explicitement.

4.3.2 Propriétés du champ de densité

Nous nous bornerons dans ce paragraphe et le suivant à décrire les propriétés du système qui sont intéressantes
du point de vue de la comparaison avec la dynamique gravitationnelle en cosmologie. A l’aide de factorisations
du type de l’éq.(4.25), on peut montrer que dans la limite où nous nous plaçons loin du point de référence
x = 0 (de sorte que nous retrouvons l’invariance par translation) les distributions de probabilité conjointes des
densités mesurées dans des intervalles disjoints se factorisent (c’est-à-dire qu’elles sont indépendantes) [23, 187].
De plus, la distribution de probabilité de la surdensité η dans un intervalle de longueur X s’écrit

η =
m

ρ0x
, η ≥ 0 : PX(η) =

√

X

π
η−3/2 e−X(

√
η−1/

√
η)2 =

√

X

π
e2X η−3/2 e−X(η+1/η). (4.26)

Aux grandes échelles, X → ∞, nous retrouvons donc la distribution Gaussienne dictée par les conditions
initiales, tandis qu’aux petites échelles, X → 0, nous obtenons un comportement en loi de puissance, η−3/2,
sur un intervalle [η−, η+] de plus en plus étendu, avec η− ∼ x/(2Dt2) et η+ ∼ (2Dt2)/x. Nous illustrons cette
évolution sur la figure 4.3 avec trois valeurs de X . Nous obtenons ainsi un comportement qui est similaire à
celui observé en cosmologie sur les simulations numériques de la formation des grandes structures par instabilité
gravitationnelle [9, 40, 189].

A partir de la distribution de probabilité nous obtenons pour les moments et les cumulants de la densité à
l’échelle X :

n ≥ 1 : 〈ηn〉 =
n−1
∑

k=0

(n − 1 + k)!

k!(n − 1 − k)!(4X)k
, et pour n ≥ 2 : 〈ηn〉c =

(2n − 3)!!

(2X)n−1
, (4.27)

ce qui conduit à la hiérarchie

Sn =
〈ηn〉c

〈η2〉n−1
c

= (2n − 3)!! et ϕ(y) =
∞
∑

n=2

(−1)n−1 Sn
yn

n!
=

√

1 + 2y − 1 − y. (4.28)

Ainsi, les coefficients Sn sont indépendants du temps et de l’échelle, tout comme la fonction génératrice ϕ(y),
définie de manière analogue à (3.3). On peut noter que dans le contexte cosmologique, associé à la dynamique
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Aux grandes échelles, X → ∞, nous retrouvons donc la distribution Gaussienne dictée par les conditions
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case, this suggests that the large-mass tails of the halo
mass functions can also be exactly obtained for 3D grav-
itational clustering, as explained in [53]. However, as
seen in Fig. 2, the rate of convergence to the asymp-
totic regime (57) may be rather slow, especially for low n
(but note that the deviations from the asymptotic behav-
ior (57) are magnified in Fig. 2 and would appear much
smaller in Fig. 1).
More precise comparisons regarding the high-mass or

low-mass tails can be found in the appendix B.

B. Press-Schechter like scaling

With these results we are in a position to test the Press
& Schechter formalism [38] recalled in the introduction.
For the Gaussian initial conditions (25) we have for ν(M),

− 3 < n < −1 : ν(M) =

√

2

In
M (n+3)/2 (60)

which leads to,

−3 < n < −1 : NPS(M) =
(n+ 3)√

πIn
M (n−1)/2 e−Mn+3/In .

(61)
As noticed in [7], it happens that Eq.(61) actually recov-
ers both the known high-mass and low-mass exponents
of Eqs.(57) and (B3). In fact, a saddle-point approach
[16] shows that it gives the exact high-mass asymptotic
behavior (58) for −3 < n ≤ −2. This is because in the
inviscid limit i) particles move freely until shell-crossing
in the Burgers dynamics, and therefore follow the linear
displacement field, and ii) shell crossing only occurs for
n > −2 in the saddle-point that governs the high-mass
tail (57). For n = −2, as noticed in [15], the Press-
Schechter mass function (61) is actually exact as shown
by the comparison with the exact Eq.(B2) (I−2 = 1). For
n > −2 the factor In in the exponential (61) no longer
applies, as shocks come into play (note that In actually
diverges for n ≥ −1), but the exponent is still valid as
seen in (57).
In order to test whether the scaling with the re-

duced variable ν also works for the Geometrical Adhesion
Model, we plot in Fig. 3 the function f(ν) defined from
the shock mass function as

f(ν) = M N(M)
dM

d ln ν
=

2M2

n+ 3
N(M), (62)

where we used Eq.(60).
We can see that the curves obtained for n = −1.5,−2,

and −2.5, are almost identical, which shows that the scal-
ing (62) is a very good approximation over this range,
−2.5 ≤ n ≤ −1.5, even though for −2 < n < −1 the
numerical factor in the exponential cutoff must show a
weak dependence on n as explained above. In addition,
since for n = −2 the function f(ν) defined by Eq.(62) co-
incides with the Press-Schechter model (5), this implies

FIG. 3: The shock mass function in terms of the scaling vari-
able ν of Eq.(6), as defined by Eq.(62). For n = −1.5,−2,
and −2.5, the coefficient In in Eq.(6) is given by Eq.(36), but
for n = 0 (where I0 would diverge) it is replaced by I0 → 12.
For n = −2 the exact curve f(ν) happens to match the Press-
Schechter model (5).

that the latter is a very good approximation for this range
of indices, −2.5 ≤ n ≤ −1.5. Since for n ≥ −1 the factor
In diverges we can no longer use Eq.(6); this also shows
that the scaling (62) can only be approximate. However,
we display in Fig. 3 the curve obtained for n = 0 by mak-
ing the change I0 → 12 in Eq.(6), so as to recover the
exact high-mass tail (59). We can see that this gives a
function f(ν) that remains close to the Press-Schechter
model (5), as could be expected from the fact that the
latter agrees with both the exact low-mass slope (B3) and
the high-mass cutoff, although a noticeable deviation can
be seen around the peak at ν ∼ 1. Therefore, it appears
that the scaling (62) provides a reasonable description of
the shock mass function for all n, provided one uses the
appropriate normalization in the M '→ ν relation (6).

C. Density field

In appendix B, we further show the behavior of the
one-point probability distribution functions (PDF) of the
smoothed density, and their low order cumulants, and
compare them with known results whenever possible.
Those tests are successfully passed. It is to be noted that
those quantities show behaviors in qualitative agreement
with what is expected for the gravitational dynamics,
in both the low variance regime and the large variance
regime, although not necessarily for the very same rea-
sons.
In particular, we can check in Fig. 16 that at large

scale the reduced cumulants Sp, defined by Eq.(B15) (or
the equivalent Eq.(1)), agree with the analytical predic-
tions (B16)-(B17) (whence with Eq.(3) with d = 1), for
n ≤ −2 (this upper boundary is due to strong shell cross-
ing effects for n > −1, which are beyond the reach of
perturbation theory). This large-scale behavior can be

Probability distribution 
of the density contrast

exact realization of the
stable clustering ansatz

Cluster mass function:

exact realization of the
Press & Schechter ansatz

η =
m

ρ̄ x
, η ≥ 0 : PX(η) =

√
X

η
η−3/2 e−X(

√
η−1/

√
η)2 Sn =

〈ηn〉c
〈η2〉n−1

c
= (2n − 3)!!

N(M) =
1√
π

M−3/2 e−M



C- Response functions

1) Eulerian framework
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Fig. 4.4 – Panneau de gauche : le propagateur Eulérien, Rψ(X − Q0) = Rδ(X − Q0) en terme des variables
réduites, obtenu pour n = 0 (vitesse initiale de bruit blanc). Il est aussi égal à la distribution de probabilité
de la vitesse, P(U) avec U = X − Q0. Les tirets bleus sont le comportement asymptotique (4.45). Panneau de
droite : le propagateur Eulérien, R̃ψ(K) = R̃δ(K), en espace de Fourier, pour n = 0. Les tirets bleus sont le
comportement asymptotique (4.46) (en prenant le cosinus égal à l’unité).

obtenues pour les propagateurs en utilisant la distribution de probabilité linéaire de la vitesse dans l’expression
(4.38). On obtient ainsi en espace réel :

Rψ
L(x, t; q0) =

1√
2πtσu0

e−(x−q0)
2/(2t2σ2

u0
), Rδ

L(x, t; q0) =
1√

2πσu0

e−(x−q0)
2/(2t2σ2

u0
) avec σ2

u0
= 〈u2

0〉.

(4.42)
Bien sûr, dans la limite t → 0 on retrouve Rψ(x, 0; q0) = δD(x − q0) et Rδ(x, 0; q0) = 0. En espace de Fourier
cela donne :

R̃ψ
L(k, t) = e−t2k2σ2

u0
/2, R̃δ

L(k, t) = t e−t2k2σ2
u0

/2. (4.43)

Dans le cas de la dynamique de Zeldovich, où les particules suivent exactement le champ de déplacement
linéaire, les expressions (4.43) seraient exactes. Ici, du fait des chocs elles ne sont valables que dans le cadre
de l’approximation linéaire pour la distribution de vitesse, mais elles mettent bien en évidence la décroissance
Gaussienne, e−t2k2

, caractéristique du transport des structures par les modes de grande longueur d’onde du
champ de vitesse, que nous avions déjà rencontrée dans le cadre gravitationnel dans le paragraphe 2.7.1.

Pour des conditions initiales de la “classe IR”, où la variance linéaire σ2
u0

diverge du fait de la contribution
des grandes longueurs d’onde (si on ne rajoute pas de coupure IR au spectre de puissance), les propagateurs
Eulériens sont donc nuls dès que t > 0 : les structures ont été déplacées infiniment loin par ces modes de grande
longueur d’onde. Pour les conditions initiales en loi de puissance (4.8) les fonctions de réponse Eulériennes n’ont
donc véritablement de sens (i.e. de limite pertinente lorsque l’on repousse les coupures IR et UV) que pour
la “classe UV”. Cependant, dans ce cas la variance linéaire σ2

u0
diverge du fait de la contribution des petites

longueurs d’onde. Cela signifie qu’il n’existe pas de régime quasi-linéaire (quelle que soit l’échelle de longueur
considérée) et que les chocs gouvernent toujours la dynamique. Dans ce cas, la forme Gaussienne obtenue en
(4.42)-(4.43) peut être modifiée par les effets non-linéaires associés à la formation des chocs, qui régularisent
la distribution de probabilité de la vitesse. Dans le cas d’une vitesse initiale de bruit blamc, n = 0, on connait
l’expression exacte de la distribution de probabilité de la vitesse, donc des propagateurs Eulériens. Ecrivant les
fonctions de réponse en termes des variables réduites X et K,

Rδ(x, t; q0) =
t

L(t)
Rδ(X − Q0), R̃δ(k, t) = t R̃δ(K), avec K = L(t) k = (2Dt2)1/3 k, (4.44)

où l’on a explicité le fait que la réponse Rδ(x, t; q0) ne dépend que de |x − q0| et du temps, puisque le système
est statistiquement homogène et isotrope, on obtient en particulier les comportements asymptotiques

n = 0, |X | & 1 : Rδ(X) ∼
2|X |

Ai ′(−ω1)
e−ω1|X|−|X|3/3, (4.45)

et

n = 0, K & 1 : R̃δ(K) ∼
4
√

π

Ai ′(−ω1)
K1/4 e−

√
2

3 K3/2− ω1√
2

√
K cos

[√
2

3
K3/2 −

ω1√
2

√
K +

π

8

]

. (4.46)

Rδ(x, t; q0) = 〈 Dδ(x, t)
DδL0(q0)

〉 Rδ(x, t; q0) = px(u, t) with u =
x− q0

t

The Eulerian response function is set by the 1-point probability distribution of the velocity.

Linear regime (long wavelengths):

Gaussian decay

n-dependent behavior

Rδ
L(x, t; q0) =

1√
2π σu0(x)

e−(x−q0)
2/(2t2σ2

u0
(x))
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/2
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√
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]

−1 < n < 1, |x− q0|→∞ : Rδ(x, t; q0) ∼ e−|x−q0|n+3/t2



2) Lagrangian framework
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Fig. 4.5 – Panneaux de gauche : les propagateurs Lagrangiens Rκ(Q − Q0) obtenus pour n = −2 (en haut) et
n = 0 (en bas) à partir de (4.59), en terme des variables réduites Q et Q0. Panneaux de droite : les propagateurs
Lagrangiens R̃κ(K) en espace de Fourier, pour n = −2 (en haut) et n = 0 (en bas). Les tirets bleus sont les
comportements asymptotiques (4.65) et (4.66).

tandis qu’aux petites masses les simulations numériques et des arguments heuristiques [154, 193] suggèrent le
comportement en loi de puissance :

−3 < n < 1, m " ρ0L(t) : n(m, t) ∼ t−1 m(n−1)/2, (4.61)

qui n’a été prouvé que pour le cas Brownien, n = −2 [157, 23, 187], et le cas de bruit blanc, n = 0 [8, 64]. Cela
conduit au comportement à grande distance des propagateurs :

|q − q0|
L(t)

$ 1 : Rκ,ψ(q, t; q0) ∼ Rκ(q, t; q0) ∼ e−|q−q0|n+3/t2 , (4.62)

qui suit celui des propagateurs Eulériens (4.47) pour −1 < n < 1. Cela vient de ce qu’ils sont tous deux
gouvernés par les mêmes événements rares, associés à des fluctuations extrêmes du champ de vitesse initial
[185]. Aux petites échelles, c’est-à-dire aux grands nombres d’onde, nous obtenons les comportements en loi de
puissance indépendants du temps,

k $ L(t)−1 : R̃κ,ψ(k, t) ∼ k(1−n)/2, R̃κ(k, t) ∼ k−(n+3)/2. (4.63)

En particulier, le propagateur R̃κ(k, t) décrôıt comme une loi de puissance à grand k, avec un préfacteur
indépendant du temps.

Ainsi, nous ne retrouvons pas le comportement quantitatif obtenu par une approche perturbative dans le
paragraphe 2.7.2 pour la dynamique gravitationnelle, qui donnait une asymptote constante à grand k. Cela
n’est pas surprenant, car nous avions expliqué que la séparation d’échelles sur laquelle reposait cette approxi-
mation n’était pas valable pour des spectres de puissance linéaires en loi de puissance. De plus, cette approche
perturbative ne pouvait pas tenir compte des croisements de trajectoires, tandis que les résultats exacts (4.59)
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κ(q, t) = 1− ∂x

∂q
ρ(x, t) =

ρ0

1− κ(q, t)

Using the geometric construction, one obtains

The Lagrangian response function is set by the cluster mass function.

n-dependent
power-law decay

Rκ(q, t; q0) = 〈 Dκ(q, t)
DκL0(q0)

〉

Rκ(q, t; q0) = t

∫ ∞

ρ0|q−q0|
dm n(m, t)

(
1− |q − q0|

m/ρ0

)
R̃κ(k, t) = 2t

∫ ∞

0
dm n(m, t)

1− cos(km/ρ0)
k2m/ρ0

|q − q0|
L(t)

" 1 : Rκ(q, t; q0) ∼ e−|q−q0|n+3/t2

k ! L(t)−1 : R̃κ(k, t) ∼ k−(n+3)/2



Combined models

Combine
 the accuracy and systematic character of perturbative approaches one large scales

with
the reasonable description of phenomenological models on small scales

For some observational probes that are sensitive to both quasilinear and nonlinear 
regimes (e.g., weak lensing), it is necessary to simultaneously describe 

both large and small scales. 

P. V. & T. Nishimichi, 2010



16 P. Valageas and T. Nishimichi: Combining perturbation theories with halo models

Fig. 11. The power per logarithmic interval of k, as in
Fig. 9, but for halos that are defined either by a density
contrast δ = 200 (solid curves, identical to those of Fig. 9),
or by δ = 50 (dot-dashed curves). Both the 1-halo contri-
bution ∆1H and the full nonlinear power spectrum ∆2 are
shown.

Fig. 12. The ratio of the nonlinear power spectrum P (k)
to a smooth linear power spectrum PLs without acoustic
baryonic oscillations, as in Fig. 12, for halos defined by
δ = 200 (green solid curves, identical to those of Fig. 10),
or by δ = 50 (red dot-dashed curves).

Sect. 5 another possible source of inaccuracy is the partial
resummation of high-order terms in the perturbative term
Ppert.

Next, we compare in Fig. 12 the power spectra obtained
on quasi-linear scales. We can see that at these very large

scales, k < 0.3hMpc−1, the modification of the 1-halo term
has a very weak effect. However, it improves somewhat the
agreement with the simulations at low redshift, z = 1 (at
k ∼ 0.3hMpc−1, as the gap below the N-body results in the
intermediate range is repelled to slightly higher k), although
it leads to a slight overestimate for P (k) at z = 0.35. On
the other hand, it appears to make almost no change over
these scales at higher redshift, z = 3. In agreement with
the discussion in Sect. 5 and with Valageas (2010), this
expresses the fact that for CDM power spectra the scope of
perturbative expansions is somewhat broader at higher z, in
the sense that the range of k where higher-order terms play
a role is wider. This corresponds to the interval [k1loop, ks.c.]
where terms beyond linear order are already significant, as
compared with the linear power PL, but still larger than
the non-perturbative correction associated for instance with
shell crossing effects.

Therefore, Figs. 11 and 12 suggest that there is still
room for systematic improvement, by including higher or-
der terms in the perturbative contribution Ppert. However,
this may come at the price of heavier and slower compu-
tations, which we do not investigate here. On the other
hand, they show that predictions on large scales are largely
independent of the details of the underlying halo model.

6.2. Impact of the “1-halo” counterterm

Fig. 13. The ratio of the nonlinear power spectrum P (k) to
a “no-wiggle” linear power spectrum PLs(k), as in Fig. 10,
at redshifts z = 0.35, 1, and 3. The green solid lines corre-
spond to our fiducial model, with halos defined by a density
contrast δ = 200, and are identical to the green solid lines
shown in Fig. 10, while the red dashed lines are obtained by
setting to zero the 1-halo counterterm W̃ (kqM )2 of Eq.(35).

We have seen in Sects. 5 and 6.1 that quantitative de-
tails of the 1-halo term can have some effect on the high-k
tail (the concentration c(M) of the halo profiles) or on the
intermediate range where ∆2(k) ∼ 5 (the truncation ra-

As in the halo model (but from a Lagrangian point of view), decompose the 
power spectrum as

“2-halo term”

perturbative contribution

resummation schemes

“1-halo term”

nonperturbative contribution

high-k behavior solved by 
going beyond standard 
perturbation theory

low-k behavior solved by counterterm

halo mass function

halo density profile

P2H(k) ! F2H(1/k) Ppert(k)

P (k) = P2H(k) + P1H(k)

P1H(k) =
∫ ∞

0

dν

ν
f(ν)

M

ρ̄(2π)3
(
ũM (k)2 − W̃ (k qM )2

)



Using the continuity equation,

the density contrast reads in Fourier space as

δ̃(k) =
∫

dx
(2π)3

e−ik·x δ(x) =
∫

dq
(2π)3

(
e−ik·x(q) − e−ik·q

)

P (k) =
∫

dq
(2π)3

〈eik·∆x − eik·q〉 with ∆x = x(q) − x(0)

As in the usual halo model, but in Lagrangian space, we can write:

P (k) = P1H(k) + P2H(k)

P1H(k) =
∫

dq
(2π)3

F1H(q) 〈eik·∆x − eik·q〉1H P2H(k) =
∫

dq
(2π)3

F2H(q) 〈eik· ! x − eik·q〉2H

ρ(x) dx = ρ̄ dq [1 + δ(x)] dx = dq
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Fig. 9. The power per logarithmic interval of k, as defined in Eq.(45), at redshifts z = 0.35, 1, and 3. The symbols are
the results from the numerical simulations described in Sect. 4. The black solid line is the linear power spectrum, ∆2

L,
and the blue dotted line that is somewhat below at high k is the 2-halo contribution (27), ∆2

2H. The steep solid line ∆2
1H

is the 1-halo contribution (35), for the halo model described in Sect. 3.2. The green solid line is the full nonlinear power
spectrum, ∆2 = ∆2

2H + ∆2
1H. The dashed (resp. dotted) green line, that is slightly larger (resp. smaller) at high k, is

the result obtained by using the concentration relation for c(M) given by Dolag et al. (2004) (resp. Duffy et al. (2008))
instead of Eq.(40). The magenta dot-dashed line ∆2

S , that is somewhat below these new N-body results at high k, is the
fit to older simulations from Smith et al. (2003).

As discussed in Sect. 3.1, we can check that the 2-halo
term ∆2

2H remains well-behaved at high k and is subdom-
inant with respect to the 1-halo term ∆2

1H. It falls some-
what below the linear power ∆2

L, contrary to the one-loop
resummation of ∆2

pert given by the direct steepest-descent
scheme, which becomes very close to∆2

L as seen in Valageas
(2007a), because of the prefactor F2H(1/k) in Eq.(27).

In agreement with the discussion of Sect. 2.3, we can
also check that the 1-halo term shows a fast decline at
low k. At high k we can see that it is possible to reach
a good agreement with the numerical simulations by using
an appropriate prescription for the concentration parame-
ter c(M), such as the one given in Eq.(40) and represented
by the green solid line. The formula given in Eq.(40) is
obtained by looking for values of the free parameters (the
normalization and the two exponents) that provide a rea-
sonable match with the power spectrum measured in the
simulations at high k (looking among a few values close to
the fits already proposed in the literature). Nevertheless, it
is interesting to note that using fits for c(M) proposed in
previous analysis of the halo profiles formed in numerical
simulations, one obtains predictions that are either larger
(Dolag et al. 2004) or smaller (Duffy et al. 2008) than the
one associated with Eq.(40). This shows that the nonlin-
ear power spectrum is fully consistent in this range with
a simple halo model, such as (35), and with the proper-
ties of halos seen in numerical simulations. This also gives
an estimate of the dependence of the power spectrum on
the prescription used for c(M). In agreement with previous
works (Huffenberger & Seljak 2003; Giocoli et al. 2010), we
recover the fact that the nonlinear power ∆2(k) is larger
and steeper at high k for concentration relations c(M) that
have a larger normalization and a steeper dependence on
M . A nice feature is that the nonlinear power is largely in-
dependent of the details of the halo model up to ∆2 < 100,
so that models such as the one studied in this article re-
main quite predictive. Even at higher k, we can see that up

to ∆2 < 103, or k < 100hMpc−1, using any of these pre-
scriptions for c(M) provides a reasonable estimate of the
power spectrum and even fares better than the direct fit to
P (k) that was obtained from older simulations (Smith et al.
2003). This suggests that models based on phenomenolog-
ical ingredients such as the halo model may prove more
robust than direct fits to numerical results. However, our
model for P (k) should not be trusted beyond the domain
where it has been checked, that is k ≤ 100hMpc−1 and
z ≤ 3.

In order to obtain predictions at much higher redshifts
and wavenumbers, one should use a prescription for c(M)
that is based on some physical arguments rather than sim-
ple fits such as Eq.(40). This would probably lead to a loss
of accuracy in the range tested in Fig. 9, as compared with
the use of Eq.(40), but this is likely to be more robust as
we extrapolate to other regimes. However, we shall not in-
vestigate the building of physical models for c(M) in this
article, as this is a topic by itself.

We can see in Fig. 9 that the full nonlinear power spec-
trum (22) obtained by our approach, combining a pertur-
bative expansion with a phenomenological halo model, is
able to reproduce the results measured in numerical simu-
lations, up to a reasonable accuracy. Let us point out that
the perturbative part, Ppert(k), which dominates at large
scales, contains no free parameter, since it is given by a sys-
tematic perturbation theory. The 1-halo contribution that
dominates at small scales clearly contains some parame-
ters, through the choice of the halo mass function and halo
density profile. However, the mass function and the shape
of the halo profile are already set by other measures from
numerical simulations, so that the main free parameter is
the concentration c(M), which is not as well constrained.
However, as seen in Fig. 9, this uncertainty only affects the
very high-k tail. Moreover, even in this region the resulting
model is competitive with direct fits to the power spectrum
measured in older simulations. Therefore, models such as
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Fig. 10. The ratio of the nonlinear power spectrum P (k) to a smooth linear power spectrum PLs without acoustic
baryonic oscillations, from Eisenstein & Hu (1999). The points with error bars are the results from N-body simulations.
The black solid line PL is the linear power spectrum, and the upper blue dashed line P1loop is the prediction of standard
perturbation theory up to one-loop order. The green solid line P is the full nonlinear power spectrum, from Eq.(22),
whereas the lower blue dotted line Ppert is the perturbative part. The magenta dot-dashed line PS is the fit to simulations
from Smith et al. (2003) (which was not specifically designed to reproduce the baryon oscillations).

the ones developed in this article should prove useful to
obtain reliable predictions for P (k). Another advantage of
such models, as compared with simpler fitting formulas, is
that they should be quite accurate at large scales since they
are consistent with perturbation theory, up to the order of
truncation of the computation.

Thus, we plot in Fig. 10 the ratio of the power spec-
trum to a “no-wiggle” linear power spectrum PLs(k) which
does not include baryonic acoustic oscillations, in order to
see more clearly the low-k behavior. We can check that in
this range our model, based on the direct steepest-descent
resummation, shows a good match with the numerical sim-
ulations. As could be expected, it fares better than a di-
rect fit from Smith et al. (2003) which was not designed
to model this range with a high accuracy (but still re-
mains surprisingly good). Furthermore, the use of the di-
rect steepest-descent resummation proves to provide sig-
nificantly more accurate results than the standard pertur-
bation theory, truncated at one-loop order, given by the
well-known expressions

P1loop(k) = PL(k) + P22(k) + P31(k), (46)

where formulas for the terms P22 and P31 may be found
for instance in Bernardeau et al. (2002). Let us recall here
that the term Ppert(k) given by this direct steepest-descent
scheme contains no free parameter, nor any interpolation
procedure, and is consistent with standard perturbation
theory up to one-loop order (i.e. the difference between
P1loop and Ppert is due to the partial resummation of higher-
order terms). We can see in the left panel, at z = 0.35, that
around k ∼ 0.14hMpc−1 the curve Ppert is slightly above
the full nonlinear power spectrum P . This is due to the pref-
actor F2H(1/k) in Eq.(27), which is slightly below unity.
However, this is only a very small effect at these scales.
On the other hand, at higher k (e.g., k > 0.26hMpc−1 at
z = 0.35) the nonlinear power spectrum rises above Ppert

and keeps growing, while Ppert remains close to PL at high
k as seen in Fig. 9. This is due to the 1-halo contribution,
which starts being non-negligible. However, note that on
these scales the dependence on the details of the halo model
is extremely weak. Indeed, the three green curves plotted in

Fig. 9, associated with the prescription (40) for the concen-
tration c(M) and the two fits given by Dolag et al. (2004)
and Duffy et al. (2008), are also plotted in Fig. 10. However,
they almost exactly fall on top of each other and cannot be
distinguished in the figure.

Thus, Figs. 9 and 10 show that by combining pertur-
bation theories and halo models it is possible to obtain a
good model for the nonlinear density power spectrum, both
at quasi-linear and highly nonlinear scales. However, we can
see in Fig. 9 that in the intermediate regime, where∆2 ∼ 5,
our predictions fall below the N-body results. This is also
apparent in the high-k parts of Fig. 10, where the full non-
linear prediction P (k) starts to grow more slowly than the
power measured in the numerical simulations. This regime
corresponds to the transition between the 2-halo and 1-halo
contributions (see Fig. 9) and as such it is at the limit of
validity of the approximations used for both terms.

On the perturbative side, that is the 2-halo term, the
discrepancy can be due to the truncation at one-loop order
of the perturbative term. Indeed, we can expect that by
going to higher orders we can extend the range of valid-
ity of the the perturbative term Ppert and push the down-
turn shown by the blue dotted curve in Fig. 10 to higher
k. Within such resummation schemes this means that we
include all diagrams up to n loops, and partial resumma-
tions for higher-order terms. We can note that the discrep-
ancy looks somewhat more severe at z = 3 in Fig. 9. More
precisely, the range of k where there is a noticeable mis-
match before the 1-halo term becomes dominant (larger
than PL) is somewhat more extended than at z = 0.35.
This agrees with the results of Valageas (2010), where it
was found (within the Zeldovich framework) that the scope
of perturbation theory is somewhat greater at higher red-
shift for CDM power spectra, in the sense that the range
where higher-order perturbative terms are important (i.e.
larger than the non-perturbative correction associated with
shell crossing effects) is wider and that the perturbative ex-
pansion makes sense up to higher orders. However, we shall
not try to go beyond one-loop order in this paper and we
leave such a task to future works.

On the non-perturbative side, it is clear that by defi-
nition halo models are only phenomenological models and

Results for the power spectrum
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standard
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1-halo
term

2- halo
term

standard
1-loop
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Fig. 17. The real-space two-point correlation function ξ(x), at redshifts z = 0.35, 1, and 3. The symbols are the results
from the numerical simulations described in Sect. 4. The black dashed line is the linear correlation, ξL, and the blue
dotted line which is somewhat below at low x is the 2-halo contribution ξ2H. The steep solid line xi1H is the 1-halo
contribution, for the halo model described in Sect. 3.2. The green solid line is the full nonlinear correlation function,
ξ = ξ2H + ξ1H.

Fig. 18. The real-space two-point correlation function ξ(x), at redshifts z = 0.35, 1, and 3, as in Fig. 17 but at larger
scales. Since the 1-halo contribution is negligible at these scales we only show the linear correlation (black dashed line)
and the full nonlinear correlation (green solid line).

of Fig. 18. This also shows that the predictions at these
large scales are quite robust, since they are independent
of the underlying halo model and are given by systematic
perturbation theory. The effect of the 1-halo counterterm
is also very small so that we do not plot a specific figure to
compare the curves obtained with and without this coun-
terterm. Note that the difference between various curves in
Figs. 12 and 13 was amplified by the fact that we divided
by a “no-wiggle” linear power spectrum PLs(k).

8. Typical accuracy of combined models

In this last section before conclusion, as a summary of what
can be achieved from simple analytical models that com-
bine perturbation theories with halo models, we estimate
the accuracy reached by our fiducial model. Thus, we plot
in Fig. 20 the relative difference between our model, de-

scribed in Sects. 3 and 5, and the results from the N-body
simulations presented in Sect. 4,

∆P

P
(k) =

|Pmodel(k)− PN−body(k)|

PN−body(k)
. (58)

We also show the statistical error due to the finite num-
ber of modes in the simulation box, given by Eq.(43), and
the shot-noise error given by ∆Pshot−noise = L3

box/N . Since
the number of modes within a bin of fixed size ∆k scales
as k2∆k, the relative statistical error decreases at higher
k as 1/k, see Eq.(43). The sudden jumps are due to the
folding procedure, see Sect. 4.2 and Fig. 7. On the other
hand, the relative shot noise grows as 1/P (k) and domi-
nates at high k. It seems that the simple approximation
∆Pshot−noise = L3

box/N overestimates somewhat the inac-
curacy of the simulations, however we do not look for a bet-
ter estimate here, as this is already sufficient to understand
the high-k part of Fig. 20 and to mark the wavenumber
where shot noise becomes dominant.
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of Fig. 18. This also shows that the predictions at these
large scales are quite robust, since they are independent
of the underlying halo model and are given by systematic
perturbation theory. The effect of the 1-halo counterterm
is also very small so that we do not plot a specific figure to
compare the curves obtained with and without this coun-
terterm. Note that the difference between various curves in
Figs. 12 and 13 was amplified by the fact that we divided
by a “no-wiggle” linear power spectrum PLs(k).

8. Typical accuracy of combined models

In this last section before conclusion, as a summary of what
can be achieved from simple analytical models that com-
bine perturbation theories with halo models, we estimate
the accuracy reached by our fiducial model. Thus, we plot
in Fig. 20 the relative difference between our model, de-

scribed in Sects. 3 and 5, and the results from the N-body
simulations presented in Sect. 4,

∆P

P
(k) =

|Pmodel(k)− PN−body(k)|

PN−body(k)
. (58)

We also show the statistical error due to the finite num-
ber of modes in the simulation box, given by Eq.(43), and
the shot-noise error given by ∆Pshot−noise = L3

box/N . Since
the number of modes within a bin of fixed size ∆k scales
as k2∆k, the relative statistical error decreases at higher
k as 1/k, see Eq.(43). The sudden jumps are due to the
folding procedure, see Sect. 4.2 and Fig. 7. On the other
hand, the relative shot noise grows as 1/P (k) and domi-
nates at high k. It seems that the simple approximation
∆Pshot−noise = L3

box/N overestimates somewhat the inac-
curacy of the simulations, however we do not look for a bet-
ter estimate here, as this is already sufficient to understand
the high-k part of Fig. 20 and to mark the wavenumber
where shot noise becomes dominant.

Results for the two-point correlation function

1-halo
term

2- halo
term

simulation

model



Higher-order statistics: the bispectrum

In order to break degeneracies, it is useful to consider higher-order 
statistics beyond the power spectrum (i.e., 2-pt correlation). 

P. V. & T. Nishimichi, 2011

3-pt correlation / bispectrum

This is also useful to constrain primordial non-Gaussianities



〈δ̃(k1)δ̃(k2)δ̃(k3)〉 = δD(k1 + k2 + k3) B(k1, k2, k3)

Again, as in the halo model (but from a Lagrangian point of view), 
we decompose the bispectrum as

“3-halo term”

perturbative contribution

“1- halo” and “2-halo” terms

nonperturbative contributions

B3H = Bpert

B1H =
∫

dν

ν
f(ν)

(
M

ρ̄(2π)3

)2 3∏

j=1

(
ũM (kj)− W̃ (kj qM )

)

B = B1H + B2H + B3H

B1H ∝ k2
j for kj → 0

B2H = PL(k1)
∫

dν

ν
f(ν)

M

ρ̄(2π)3

3∏

j=2

(
ũM (kj)− W̃ (kj qM )

)
+ 2 cyc. B2H ∝ PL(kj) for kj → 0

counterterms



standard perturbation theory
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 C3
= 6 + 24 

+ 48 + 48 

+ 24 + 8 

+ 48 + 24 

+

(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i)
48 "standard"

Fig. 1. The diagrams associated with the standard per-
turbation theory, as obtained from a path-integral formal-
ism, up to 1-loop order for the three-point correlation C3.
Although they are different from those obtained by the
standard approach, their sum at each order is identical to
the sum of the standard diagrams of the same order over
PL(k). The lines are the linear two-point correlation CL

(blue solid line) and the linear response RL (red solid line
with an arrow). The black dots are the three-leg vertex Ks

that enters the quadratic term of the equation of motion.
The numbers are the multiplicity factors of each diagram.
The tree-order diagram (a) gives Eq.(38), for the density
bispectrum, while the 1-loop diagrams (b),..,(i), give the
contribution of order P 3

L.

the “direct steepest-descent” resummation scheme intro-
duced (among other perturbative expansions) in Valageas
(2007). We only go up to 1-loop order for both methods, so
that the first approach only contains all 1-loop diagrams,
while the second approach also includes partial resumma-
tions of diagrams at all orders.

A detailed description of these methods, for two-point
and three-point functions, is given in Valageas (2008).
To facilitate the theoretical comparison between both ap-
proaches it is convenient to write them with the same di-
agrammatic language. Then, the diagrams associated with
standard perturbation theory are shown in Fig. 1, where
the solid lines are the linear two-point functions, either the
linear correlation (lines without arrows) or the linear re-
sponse (lines with an arrow that shows the flow of time).
The three-leg vertex is the kernel Ks that appears in the
equation of motion, which can be written asO·ψ = Ks ·ψψ,
where O is a linear operator and ψ is a two-component vec-
tor that describes both the density and velocity fields. The
diagrams shown in Fig. 1 are not those associated with the
usual description of standard perturbation theory, which
is described in App. A, but of course they are equivalent.
The expansion of Fig. 1 applies to the three-point correla-
tion C3 = 〈ψψψ〉, which contains the density and velocity
three-point functions, as well as their cross correlations, but
in this article we only consider the density three-point cor-

relation, that is, the matter density bispectrum in Fourier
space.

The usual description of standard perturbation theory
arises from the expansion of the density and velocity fields
over powers of the linear field δL, as in Eqs.(A.1)-(A.2).
Then, the N -point correlations are obtained by taking the
Gaussian average of the product of these expansions, as in
Eq.(A.3), using Wick’s theorem as in Eq.(A.4). This yields
diagrams with vertices Fn that have an increasing number
n of legs as one goes to higher orders, see also Fig. A.1. The
diagrams of Fig. 1 are obtained from a path-integral formal-
ism, where the averages over the initial conditions are al-
ready taken and one directly works with correlation and re-
sponse functions. Then, expanding over powers of the non-
linear interaction vertex Ks gives the expansion of Fig. 1.
It looks rather different from the standard diagrams, since
only one vertex appears, the three-leg kernel Ks, whatever
the order of the expansion. On the other hand, in addition
to the linear power spectrum these diagrams also involve
the linear response function. Then, the order of the expan-
sion corresponds to the number of loops of the diagrams.

Since both expansions can also be written as expansions
over powers of the linear power spectrum PL(k), they are
actually equivalent, at each order. However, at a given or-
der, there can be a different number of diagrams between
both expansions, and it is only the two sums over all dia-
grams of that order over PL(k) that coincide. In particular,
it can be seen that diagrams (h) and (i) in Fig. 1 show
an ultraviolet divergence for linear power spectra with a
large-k tail PL(k) ∝ kn with n ≥ −3. However, these two
divergences cancel out and the sum is finite for n < −1, as
in the case of the standard diagrams (see Valageas (2008)
for details).

The lowest-order contribution, or “tree-order” term, is
given by diagram (a), which yields the well-known result

B(a)(k1, k2, k3) = PL(k2)PL(k3)

[

10

7
+

(

k2
k3

+
k3
k2

)

k2 · k3

k2k3

+
4(k2 · k3)2

7k22k
2
3

]

+ 2 cyc. (38)

The explicit expressions of the 1-loop order diagrams
(b),..,(i), which are of order P 3

L (as shown by the three
blue solid lines which they contain), are given in App.A
of Valageas (2008). For numerical computations it is con-
venient to perform analytically integrations over angles,
rather than directly implementing these expressions into
the codes. Although this requires some care (since angular
integrations may yield trigonometric or hyperbolic func-
tions, depending on the amplitude of the wavenumbers),
there is no fundamental difficulty.

Of course, it is also possible (and more common) to
use the standard diagrams for the computation of the bis-
pectrum within standard perturbation theory (Scoccimarro
1997; Scoccimarro et al. 1998). As noticed above, for our
purposes the interest of the description of Fig. 1 is that
it clarifies the link with the “direct steepest-descent” re-
summation scheme that we also investigate in this article.
We focus on this specific resummation scheme to be con-
sistent with our previous study for the power spectrum in
Valageas & Nishimichi (2010). In addition, as discussed in
that article (in particular in its Appendix A), this method
allows a fast numerical implementation. Moreover, its pre-
dictions for the bispectrum (and higher order correlations),
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(g) (h)

  (i)

  (f)

+ 24 

48 +

+ 8 

48 

C3
= 6

(a)

+

"direct

steepest!descent

resummation"

Fig. 2. The diagrams obtained at 1-loop order for the three-
point correlation C3 by the “direct steepest-descent” re-
summation scheme. The double lines are the nonlinear two-
point functions C and R, while the single lines are the linear
two-point functions CL and RL as in Fig. 1. The black dots
are again the three-leg vertex Ks.

+ 8 

+ 48 + 24 

+

(f)

(g) (h)

(i)
48 

C3
=

(a)

"mixed"

6

Fig. 3. The diagrams obtained at 1-loop order for the three-
point correlation C3 within a “mixed” case. We keep the
resummed diagram (a) of Fig. 2 but we replace diagrams
(f), (g), (h), and (i) of Fig. 2, by their leading contributions,
given by diagrams (f), (g), (h), and (i) of Fig. 1.

and more precisely the structure of its diagrammatic ex-
pansion, have already been studied in Valageas (2008), so
that no further theoretical work is required. Then, within
this “direct steepest-descent” resummation scheme, the di-
agrams for the bispectrum up to 1-loop order are those
shown in Fig. 2. The difference with Fig. 1 is that we now
have double-line two-point functions. They correspond to
the nonlinear two-point correlation and response functions,
as given by the same method up to the same 1-loop order.
The single lines are the linear two-point functions, as in
Fig. 1.

Within this resummation scheme, nonlinear two-point
functions at “1-loop” order actually contain an infinite
number of “bubble” diagrams, as shown in Figs. 8 and 9 of
Valageas (2008). There, the label “1-loop” does not mean
that we only include 1-loop diagrams, as in the standard

perturbation theory of Fig. 1, but that the diagrammatic
expansion is only complete up to 1-loop (i.e. although we
include some diagrams at all orders we miss some contribu-
tions at 2-loop and higher orders). Then, substituting the
expression of the nonlinear two-point functions in terms of
the linear functions, we can check that the diagram (a) of
Fig. 2 actually contains the five diagrams (a),..,(e), of Fig. 1,
as well as an infinite number of higher order diagrams. On
the other hand, the diagrams (f),..,(i), of Fig. 2 contain
their counterparts of Fig. 1: each diagram among (f),..,(i),
of Fig. 1 is the lowest order contribution to the correspond-
ing diagram in Fig. 2, where nonlinear two-point functions
are replaced by their linear counterparts.

At the order P 3
L, which corresponds to the 1-loop di-

agrams of Fig. 1, we can also consider the “mixed” case
shown in Fig. 3, where we keep the resummed diagram (a)
of Fig. 2, but we use for diagrams (f),..,(i), their lowest order
terms shown in Fig. 1. Of course, these three choices, drawn
in Figs. 1, 2, and 3, agree up to order P 3

L, and only differ
by the number of higher order terms that are included.

Thus, for the perturbative (3-halo) contribution (34)
we shall consider the three alternatives shown in Figs. 1,
2, and 3. Contrary to the numerical computations used in
Valageas (2008), we do not introduce any approximation
for the computation of these diagrams. Therefore, the per-
turbative term Bpert(k1, k2, k3) contains no free parameter
and is exact, up to 1-loop order (or to the truncation order
of the perturbative scheme). This is an improvement over
most previous studies involving the halo model (Ma & Fry
2000b; Fosalba et al. 2005), which only used the tree-order
bispectrum (38) for the 3-halo term, with the addition of
bias factors (which we do not introduce in our approach).

4. Comparison with numerical simulations

We now compare our model, described in Sects. 2 and 3,
with numerical simulations.

4.1. Bispectrum B(k1, k2, k3)

4.1.1. Equilateral triangles

We show in Fig. 4 our results for the bispectrum, from lin-
ear to highly nonlinear scales, for equilateral configurations.
Here we take the perturbative 3-halo contribution equal to
the standard 1-loop result, which also corresponds to Fig. 1.
We can see that we obtain a reasonably good agreement
with the numerical simulations over all these scales. This
is remarkable since our model contains no free parameters.
Indeed, the 2-halo and 1-halo terms are fully determined
by the halo mass function and density profiles that were
used in Valageas & Nishimichi (2010) for the power spec-
trum. This provides a significant improvement over the phe-
nomenological model presented in Pan et al. (2007), based
on a generalization of the scale transformation introduced
for the two-point correlation function by Hamilton et al.
(1991), which breaks down on highly nonlinear scales.

However, we can see that at high redshift (right panel
at z = 3) we underestimate the bispectrum in the transi-
tion range between linear and nonlinear scales. The same
behavior appears for the power spectrum, see Fig. 9 in
Valageas & Nishimichi (2010). This is likely to be due in
part to higher order perturbative terms, which play a
greater role at z = 3 than at z = 0.35, in agreement with

The 3-halo term can be computed from any perturbative scheme

- well-known diagrams

- simpler expressions (time integrals)

- fewer but more complex diagrams

- numerical integrations over time

resummation scheme
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Fig. 4. The bispectrum Beq(k) = B(k, k, k) for equilateral configurations, at redshifts z = 0.35, 1, and 3. The symbols are
the results from the numerical simulations. We show the bispectrum obtained at tree order (black solid line), standard
1-loop order (blue dot-dashed line), using the full model (red solid line), as well as the 2-halo (cyan dotted line) and
1-halo (cyan dashed line) contributions. The magenta dot-dashed line labeled “Pan” is the phenomenological model of
Pan et al. (2007).

Fig. 5. The bispectrum B(k1, k2, k3) for isosceles configurations, k1 = k2 = k and k3 = k/α, at redshifts z = 0.35, 1, and
3. We consider the cases α = 2 (upper row) and α = 4 (lower row). The symbols are the same as in Fig. 4.

the detailed study performed in Valageas (2011) that com-
pares perturbative and nonperturbative contributions. On
the other hand, it is natural to expect the transition range
to be the most difficult to reproduce by models of the kind
studied in this paper. Indeed, this domain is already beyond
perturbation theory but does not correspond yet to the in-
ner relaxed cores of virialized halos. Therefore, it is at the
limit of validity of the two ingredients (perturbation the-
ory and halo model) used in our approach. We shall discuss

further this transition range, and possible improvements on
these scales, in Sects. 6.2 and 7 below.

We can clearly see in Fig. 4 the decay on large scales
of the 1-halo and 2-halo contributions, in agreement with
Eqs.(26) and (33). As explained in Sect. 2, this is due to the
new counterterms W̃ (kjqM ) of Eqs.(24) and (31), which en-
sure a physically meaningful behavior. On the other hand,
in agreement with Sefusatti et al. (2010), we can see that
taking into account the 1-loop perturbative contribution
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the detailed study performed in Valageas (2011) that com-
pares perturbative and nonperturbative contributions. On
the other hand, it is natural to expect the transition range
to be the most difficult to reproduce by models of the kind
studied in this paper. Indeed, this domain is already beyond
perturbation theory but does not correspond yet to the in-
ner relaxed cores of virialized halos. Therefore, it is at the
limit of validity of the two ingredients (perturbation the-
ory and halo model) used in our approach. We shall discuss

further this transition range, and possible improvements on
these scales, in Sects. 6.2 and 7 below.

We can clearly see in Fig. 4 the decay on large scales
of the 1-halo and 2-halo contributions, in agreement with
Eqs.(26) and (33). As explained in Sect. 2, this is due to the
new counterterms W̃ (kjqM ) of Eqs.(24) and (31), which en-
sure a physically meaningful behavior. On the other hand,
in agreement with Sefusatti et al. (2010), we can see that
taking into account the 1-loop perturbative contribution
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Fig. 6. The bispectrum B(k1, k2, k3) for isosceles configurations, k1 = k2, at redshifts z = 0.35, 1, and 3 (from top to
bottom in each panel). We show our results as a function of k1 = k2 at fixed k3 (upper row), and as a function of k3 at
fixed k1 = k2 (lower row). The symbols are the same as in Fig. 4.

Fig. 7. The reduced bispectrum, Qeq(k) = Beq(k)/[3P (k)2], for equilateral configurations, at redshifts z = 0.35, 1, and 3.
The symbols are the same as in Fig. 4. The vertical arrow in the upper right part shows the wavenumber beyond which
the simulation shot noise is greater than 10%.

achieved for the stable clustering ansatz, and more gener-
ally for multifractal models such that 〈ρpR〉c are governed by
a single fractal exponent α for the values of p that are con-
sidered. The density field described by a halo model clearly
violates these conditions1, as it does not display such scale
invariance, with a characteristic nonlinear mass associated

1 The halo model can be made to recover the stable-clustering
ansatz predictions if the mass function scales at low mass as
n(M)dM ∝ dM/M2 (Valageas 1999; Ma & Fry 2000b). This
unrealistic formal limit, where the apparent amount of matter

with the falloff of the halo mass function and reasonably
smooth profiles that depend on the mass scale (through
their concentration parameter). This implies that Qeq(k)
has to grow on small scales, as checked in Fig. 7.

per unit volume is infinite, corresponds to a multiple counting
of “halos”, which contain an infinite hierarchy of substructures
that are also counted in the mass function, in agreement with a
fractal model.

Equilateral triangles

Isosceles triangles at fixed length ratio = 4

Isosceles triangles at fixed equal-sides length



The intermediate regime, at the nonlinear transition, 
remains the most difficult to predict. 
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Fig. 11. The reduced bispectrum, Qeq(k) = Beq(k)/[3P (k)2], for equilateral configurations, at redshifts z = 0.35, 1, and
3. The points are the results from the numerical simulations and the solid line is our “direct” model, as in Fig. 7. The
black dashed line is the lower tangent to the “direct” curve Qeq(k), on the transition region. It defines the two contact
points of abscissa k− and k+, shown by the two small vertical lines, in-between which we introduce the two modifications
“tang.” (green dot-dashed line) and “flat” (blue dashed line), explained in the main text.

Fig. 12. The power per logarithmic interval of k, as de-
fined in Eq.(40), at redshifts z = 0.35, 1, and 3 (from top
to bottom). We show the “direct” model (red solid line),
studied in Valageas & Nishimichi (2010), and the geomet-
rical modification “tang.” (green dot-dashed line), given by
the upper tangent that runs through the point of abscissa
k−. The small dashed vertical line shows the location k′+
of the contact point of this tangent line with the “direct”
curve.

again draw in the (log k, logBeq) plane the upper tangent
line, on the interval [k−, k+], that runs through the left
point (log k−, logBeq(k−)). This yields another right con-
tact point at k′′+, which in the cases shown in Fig. 13 is lo-
cated to the left of k+ as there is again a knee in the shape
of the bispectrum. For the same reason, this tangent-line
construction is clearly more efficient than using the straight
line running through the end-points of the interval [k−, k+].
It ensures that we follow the “direct” prediction beyond the
knee, where it shows a good match to the numerical simu-
lations, while correcting most of the artificial “dip” shown
by the model.

Fig. 13. The equilateral bispectrum, at redshifts z = 0.35,
1, and 3 (from top to bottom). We show the “direct” model
(red solid line), already shown in Fig. 4, and the geometrical
modification “tang.” (green dot-dashed line), given by the
upper tangent that runs through the point of abscissa k−.
The small dashed vertical line shows the location k′′+ of the
contact point of this tangent line with the “direct” curve.

As explained above, the interest of this procedure, based
on the reduced equilateral bispectrum Qeq(k), is to auto-
matically define the wavenumbers k− and k+. One could
imagine defining these boundaries in a simpler manner from
the power spectrum itself, for instance by ∆2(k±) = ∆2

±,
with fixed values∆2

± that would mark the transition regime
(such as ∆2

− = 1 and ∆2
+ = 30). However, due to the

curvature of the linear CDM power spectrum, the inter-
val [k−, k+] where the model departs from the numerical
simulations is not given by such redshift-independent con-
ditions, as can be seen in Fig. 12. In particular, at higher
redshift (i.e., lower value of the effective slope n of the lin-
ear power spectrum on the relevant scales) the threshold
∆2

− is seen to decrease. This is partly captured by our pro-
cedure, described in Fig. 11, which is sensitive to the shape
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Fig. 14. The accuracy of our models and our numerical simulations at redshifts z = 0.35, 1, and 3, for the power
spectrum. The red solid line “direct” is the relative difference (41) between the simulations and our model as described
in Valageas & Nishimichi (2010). The green dashed line “tang.” corresponds to the geometrical modification shown in
Fig. 12. The black dashed line that grows at low k is the relative statistical error of the simulations, while the black
dashed line that grows at high k is the relative shot-noise error (see App. B).

Fig. 15. The accuracy of our model and our numerical simulations at redshifts z = 0.35, 1, and 3, for the bispectrum
on equilateral configurations. We plot our “direct” model (red solid line) and its geometrical modification “tang.” (green
dot-dashed line), shown in Fig. 13. The black dashed lines show the statistical and shot-noise errors of the simulations
(see App. B).

Fig. 16. The accuracy of our model and our numerical simulations at redshifts z = 0.35, 1, and 3, for the reduced
bispectrum on equilateral configurations. We plot our “direct” model (red solid line) and its geometrical modifications
“tang.” (green dot-dashed line) and “flat” (blue dashed line), shown in Fig. 11. The black dashed lines show the statistical
and shot-noise errors of the simulations (see App. B). The vertical arrow in the upper right part shows the wavenumber
beyond which the simulation shot noise is greater than 10%.
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Typical accuracy that is currently reached:

power spectrum:

bispectrum:



Other approaches - extensions



A- Lagrangian perturbation theories
T. Matsubara, 2008

σ2
v =

4π

3

∫ ∞

0
dk PL(k)

PmZ(k) = e−k2σ2
v

(
PL + P (2) +

∞∑

n=3

P (n)
Z

)
= PZ(k) + e−k2σ2

v

(
P (2) − P (2)

Z (k)
)

PMat(k) = e−k2σ2
v

(
PL + P22 + P31 + k2σ2

vPL

)

The variance of the linear velocity naturally appears,
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6.4. Lagrangian perturbation theories

The Lagrangian re-interpretation of the halo model devel-
oped in this paper, leading to the expression (26) for the
2-halo contribution, would most naturally lead us to con-
sider Lagrangian perturbation theories. It is possible to
substitute such schemes into Eq.(26), which allows to in-
tegrate in a self-consistent fashion over the q−dependent
prefactor F2H(q). Unfortunately, this does not yield very
successful results while leading to somewhat more complex
expressions than those encountered in Eulerian frameworks.
Therefore, in this section we illustrate the problems faced
by current Lagrangian schemes by using the simpler expres-
sion (27), where the term F2H(q) has been factorized as the
prefactor F2H(1/k). Thus, as for the Eulerian perturbation
theories used in the previous sections, we only need the pre-
diction for the resummed power Ppert(k) to compute the 2-
halo contribution. This simplifies matters and only makes
a negligible change on large scales where F2H " 1.

We consider two schemes that are inspired by a
Lagrangian framework. A first approach is the one pre-
sented in Matsubara (2008), which for our purposes
amounts to expand P (k) after factorization of a Gaussian

damping term e−k2σ2

v (see also Crocce & Scoccimarro
(2006b); Valageas (2010)), where σv is the rms one-
dimensional linear displacement (or the rms one-
dimensional linear velocity, up to a time-dependent factor)
given by

σ2
v =

4π

3

∫ ∞

0
dk PL(k). (50)

Thus, at 1-loop order the density power spectrum reads as
(Matsubara 2008)

PMat(k) = e−k2σ2

v
(

PL + P22 + P31 + k2σ2
vPL

)

, (51)

where P22 and P31 are the 1-loop terms obtained in
the standard Eulerian perturbation theory, as in Eq.(46).
Of course, Eq.(51) could be obtained at once by requir-
ing consistency with Eq.(46) at order P 2

L. As discussed
in Valageas (2007b, 2008, 2010), and as can be seen
from the computation of Lagrangian response functions
(Bernardeau & Valageas 2008, 2010), the prefactor e−k2σ2

v

is associated with the coherent displacement of density
structures by the long wavelengths of the velocity field and
should only appear in different-time quantities, under the
form e−(D1−D2)

2k2σ2

v0/2, where Di is the linear growth fac-
tor at redshift zi and σv0 is the linear dispersion today,
where D(z = 0) = 1. Thus, looking for an expansion un-
der the form (51) leads to an artificially strong Gaussian
damping at high k, which has no physical meaning. In or-
der to remedy to this problem, which can also be seen as a
consequence of the truncation to a finite number of terms
between the parenthesis in Eq.(51) (once we insist on look-
ing for an expansion of this form), we note that the nonlin-
ear power spectrum generated by the Zeldovich dynamics
(Zeldovich 1970) can also be written under this form,

PZ(k) = e−k2σ2

v

∞
∑

n=1

P (n)
Z (k), (52)

where each term P (n)
Z (k) scales as (PL)n. Moreover, both

the full nonlinear expression of the Zeldovich power spec-
trum, PZ(k), (i.e. the resummation of the series (52)), and

the expression of the terms (PL)n of all orders, are explic-
itly known (Crocce & Scoccimarro 2006b; Valageas 2007b,
2010). Then, a possible recipe is to use for the nonlin-
ear power spectrum (more precisely the perturbative term
Ppert) the “modified Zeldovich” expression

PmZ(k) = e−k2σ2

v

(

PL(k) + P (2)(k) +
∞
∑

n=3

P (n)
Z (k)

)

(53)

= PZ(k) + e−k2σ2

v

(

P (2)(k)− P (2)
Z (k)

)

, (54)

where P (n)(k) is the term of order (PL)n in the expansion of
the form (52) for the gravitational power spectrum, whence
P (2)(k) = P22(k) + P31(k) + k2σ2

vPL(k) from Eq.(51). In
other words, we complete the expansion (51) by substitut-
ing the terms obtained for the Zeldovich power spectrum
for all higher orders, which allows us to perform an ex-
plicit resummation as in the second line of Eq.(54). This is
clearly a systematic procedure, that can be pushed up to
any order, and agrees with standard perturbation theory
up to the order of the substitution. Since the resummed
Zeldovich power spectrum no longer shows the spurious
Gaussian decay of Eq.(51) but a more physical power-law
decay (Taylor & Hamilton 1996; Valageas 2007b, 2010), one
may hope that this could improve the agreement with re-
sults from numerical simulations.

Fig. 16. The ratio of the nonlinear power spectrum P (k) to
a “no-wiggle” linear power spectrum PLs(k), as in Fig. 10,
at redshifts z = 0.35, 1, and 3. The red dot-dashed lines
“PMat” correspond to the use of the Lagrangian-based 1-
loop expansion (51) for the term Ppert in the 2-halo contri-
bution (27), whereas the blue solid lines “PmZ” correspond
to the use of the “modified Zeldovich” expansion (54). The
1-halo term is the same as the one used in Sect. 5.

We show in Fig. 16 the results we obtain using either
Eq.(51) (lower red dot-dashed lines) or Eq.(54) (upper blue
solid lines), at redshifts z = 0.35, 1, and 3. As pointed
out above, we can see that the Gaussian damping term

This Gaussian cutoff is too strong



B-Taking into account the baryons
G. Somogyi & R. E. Smith, 2010

Write the equations of motion for the various components:

Use the initial conditions specific to each 
component and solve by perturbation theory
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FIG. 1: Baryon bias as a function of inverse spatial scale, where we have defined the baryon bias bb(k, z) ≡ δb
lin(k, z)/δc

lin(k, z),
and used Eqs (37) and (38) from §II F. Solid through to dashed lines show results for redshifts z = {0, 1.0, 3.0, 5.0, 10.0, 20.0}.

The present day energy-density budget for the ΛCDM model is distributed into several components, which in units
of the critical density are: vacuum energy ΩΛ,0 ≈ 0.73, matter Ωm,0 ≈ 0.27, neutrinos Ων,0 ! 10−2 and radiation
Ωr,0 ≈ 5 × 10−4. The matter distribution can be subdivided further into contributions from CDM and baryons, with
present day values Ωc ≈ 0.225 and Ωb ≈ 0.045. The detailed physics for the evolution of the radiation, CDM, baryon
and neutrino fluctuations (δr, δc, δb, δν), from the early Universe through to recombination can be obtained by solving
the Einstein–Boltzmann equations. These are a set of coupled non-linear partial differential equations, however while
the fluctuations are small they may be linearized and solved [for a review see 5, 6]. At later times these fluctuations
enter a phase of non-linear growth. Their evolution during this period can no longer be described accurately using
the linear Einstein–Boltzmann theory and must be followed using higher order perturbation theory (hereafter PT)
techniques [7] or more directly through N -body simulations [8].

The cross-over from the linear to the non-linear theory is, in general, not straightforward. Most of the theoretical
and numerical approaches to this latter task were developed during the previous two decades, during which time the
Standard CDM model was favored: essentially Einstein-de Sitter spacetime, Ωm = 1, with energy-density dominated
by CDM " 97%, and baryons contributing ! 3% to the total matter. For this case it is natural to assume that the
CDM fluctuations dominate the gravitational potentials at nearly all times, with baryons playing little role in the
formation of large-scale structure [see for example 9, 10, 11]. Thus, one simply requires a transfer function for the
CDM distribution at some late time, to model the evolution of both components.

In the latter part of the 1990s, cosmological tests pointed towards the ΛCDM paradigm, and it was recognized that
baryons should play some role in shaping the transfer function of matter fluctuations [5, 12, 13, 14]. However, rather
than attempting to follow the CDM and baryons as separate fluids evolving from distinct sets of initial conditions,
a simpler approximate scheme was adopted. This scheme is currently standard practice for all studies of structure
formation in the Universe [15, 16, 17, 18]. It can be summarized as follows:

1. Fix the cosmological model, specifying Ωc and Ωb, and hence the fraction of baryons, fb. Solve for the evolution
of all perturbed species using the linearized coupled Einstein–Boltzmann equations. Obtain transfer functions
at z = 0, where CDM and baryons are fully relaxed: i.e. T c(k, z = 0) ≈ T b(k, z = 0), where T c and T b are the
transfer functions of the CDM and baryons, respectively.

2. Use the transfer functions to generate the linear matter power spectrum, normalized to the present day: i.e.

Pδ̄δ̄(k, z = 0) ≈
[

(1 − fb)T c(k, z = 0) + fbT b(k, z = 0)
]2

Akn ≈ [T c(k, z = 0)]2Akn , where the total matter
fluctuation is δ̄ = (1 − fb)δc + fbδb.

3. Scale this power spectrum back to the initial time zi, using the linear growth factor for the total matter
fluctuation δ̄, which obtains from solving the equations of motion for a single fluid.

4. Generate the initial CDM density field and assume that the baryons are perfect tracers of the CDM.

Compare with the single-fluid 
approximation (up to 1-loop)
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FIG. 13: Ratio of the total matter power spectrum obtained from the 2-component fluid model for CDM plus baryons, to
that obtained from the 1-component fluid approximation, as a function of wavenumber. Again, thin (red) lines show the ratio
of power spectra in linear theory, and thick (blue) lines the ratio of one-loop non-linear power spectra. The solid through to
dashed lines show results for redshifts z = {0, 1.0, 3.0, 5.0, 10.0, 20.0}. See end of §VID for an explanation as to why the linear
theory ratios are independent of time

D. Impact on total matter power spectrum

Since some cosmological probes are only sensitive to the total mass distribution, such as weak gravitational lensing,
it is interesting to ask, what is the error between the exact N = 2 and the approximate N = 1 fluid dynamics, incurred
when modeling the total matter power spectrum. Recall that the total matter power spectrum is defined as,

Pδ̄δ̄(k, z) = (1 − fb)2Pδcδc(k, z) + 2(1 − fb)fbPδcδb(k, z) + (fb)2Pδbδb(k, z) . (89)

The results obtained by using the exact and approximate initial conditions for the 1-component fluid model are
plotted in the left and right panels of Fig. 13 respectively. We see that the single-fluid approximation based on exact
initial conditions is excellent, being accurate to < 0.03% for all times and scales considered. As we will show in §VII,
this spectacular success can be attributed to the fact that the leading in η, one-loop corrections, depend only on the
total mass distribution.

Using the approximate initial conditions for the single-fluid calculation still leads to very good agreement with the
full 2-component fluid result on large scales k ∼ 0.2 h Mpc−1, with < 0.5% accuracy for all the times considered. On
smaller scales the approximation becomes worse, being of order ∼ 0.7% at k ∼ 1.0 h Mpc−1. However, this departure
is unlikely to be accurate, since we can not trust the PT results on these small scales. This owes to the fact that
the missing higher order loop corrections become increasingly more important. Nevertheless, this point is rather
academic, since using the exact initial conditions will give better than 1% precision for the non-linear matter power
spectrum down to scales of the order k ∼ 1.0 h Mpc−1, as required by future weak lensing surveys, such as Euclid.

Finally, we note that one can easily show that the linear mass power spectrum simply scales with the square of
the linear growth factor, even in the 2-component fluid theory. Hence, the ratio of the 2-component fluid linear mass
power spectrum to the 1-component fluid model is constant in time. Furthermore, this constant is simply unity, if
the 1-component fluid model is set up with exact initial conditions.

VII. APPROXIMATE DESCRIPTION OF THE MULTI-FLUID DYNAMICS

Given that the full expressions for the one-loop corrections to the power spectrum are quite formidable and time
consuming to compute, it is of use to attempt to develop an approximate description of these expressions. We present
this below. Our approximation scheme is based on insights concerning the late-time behaviour of the one-loop power
spectrum, and it is valid for growing mode initial conditions and, although here we present the case of a 2-component
fluid, can be generalized for N -component matter fluids.

∂vi

∂τ
+Hvi + (vi ·∇)vi = −∇φ

∆φ =
3
2
ΩmH2

N∑

i=1

δi

∂δi

∂τ
+∇ · [(1 + δi)vi] = 0



C-Truncating the “BBGKY-like” hierachy 
M. Pietroni, 2008

From the equation of motion, which is quadratic, one can derive a hierarchy of equations 
that relate the n-pt correlation to the (n+1)-pt correlation:

By truncating at a finite order, e.g. setting the connected 4-pt function to zero, 
one can close the hierarchy and solve it.

This gives a systematic method that agrees with standard perturbation theory and 
does not involve response functions or different-time statistics.

∂

∂τ
〈ψψ〉 = 2O · 〈ψψ〉 + 2Ks · 〈ψψψ〉

∂

∂τ
〈ψψψ〉 = 3O · 〈ψψψ〉 + 3Ks · 〈ψψψψ〉

∂ψ

∂τ
(k, τ) = O(k, τ) · ψ(k, τ) + Ks(k;k1,k2; τ) · ψ(k1, τ)ψ(k2, τ)

∂

∂τ
〈ψψψψ〉 = ....
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Figure 4. Power spectra at redshift z = 1 (divided by a smooth one). The continuous
line is the result of the present paper, compared with linear theory (dotted), 1-loop
PT (dash-dotted), the halo approach of ref. [20] (dashed). The dots with error bars
are taken from the N -body simulationd of ref. [10]. The background cosmology is a
spatially flat ΛCDM model with Ω0

Λ = 0.73, Ω0
b = 0.043, h = 0.7, ns = 1, σ8 = 0.8.
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Figure 5. The density-density (Pδδ), density-velocity (Pδθ), and velocity-velocity
(Pθθ) power spectra at z = 1. The dotted line is linear theory, and the dash-dotted
one the linear theory multiplied by exp(−k2σ2

v(eη − 1)2).

power spectrum :

Including neutrinos in an approximate fashion, through a modified Poisson equation
where the r.h.s. reads as:

suppression of the total power spectrum by nonzero neutrino masses:
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FIG. 3: Suppression on the total PS induced by non-zero neutrino masses at different epochs, as computed in linear approx-
imation (green, dash-dotted line), one-loop perturbation theory (black, dotted), and by the TRG method (red, solid). Blue
diamonds are the results of N-body simulation of Ref. [26].The upper (lower) group of lines corresponds to Mν = 0.3 (0.6) eV,
respectively.

The approach can be improved along two possible lines. On one side neutrino perturbations have been treated at
the linear level; a nonlinear generalization would be of course welcome. On the other side, the TRG technique might
be improved by including vertex corrections or, in other words, solving the equations for the correlators including the
connected four-point correlation function.
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δm(k, τ) ! δcb(k, τ)
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1− fν + fν
δLν(k, τ)
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D-Beyond the fluid approximation: Vlasov eq. 

One can work with the full phase-space distribution function:

It obeys the Vlasov-Poisson system:

∆φ =
4πG
a

(ρ− ρ̄),
∂f

∂t
+

p
a2

· ∂f

∂x
− ∂φ

∂x
· ∂f

∂p
= 0, ρ(x, t) = ρ̄

∫
f(x,p; t) dp

This again yields a quadratic equation of motion, that can be solved through 
perturbative expansions, starting from the linear growing mode:

fL(x,p; t) = δD(p) + δL(x; t)δD(p)− pL(x; t) · ∂δD

∂p
(p)

density and velocity fields of the hydrodynamical approximation

P. V., 2004;  S. Tassev 2011

f(x,p; t)



The iterative perturbative approach gives back the standard perturbation results 
of the fluid approximation.

It is possible to consider resummation schemes, for instance using a path-integral 
reformulation and applying various expansion schemes. 

This allows going beyond the fluid approximation. In such cases, it may be useful 
to start from a regular phase-space distribution, defined for instance from the 
Zeldovich dynamics, rather than from the singular linear growing mode. 

However, no quantitative results have been compared with simulations yet.



Conclusion

Theoretical approach that is complementary to numerical 
simulations and observations.

- explore regimes that are beyond the reach of numerical simulations

- understand the main properties of the dynamics

(e.g., very large scales)

(Burgers)

Prospects

- find out which resummation schemes are the most accurate/efficient ?

- improve the modeling of the transition scales

- further develop Lagrangian approaches (useful for redshift-space distortions)

- generalization to warm dark matter ? more complex components (clustering quintessence,...) 

- going beyond the fluid approximation: phase-space description ?


