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[he cosmic
buaget

Only about 4% of the cosmic energy budget is in the form of ordinary “baryonic”
matter, out of which only a small fraction shines in the galaxies (quite likely most of the
baryon reside in filaments forming the Warm-Hot Intergalactic Medium (WHIM), a sort
of cosmic web connecting the galaxies and clusters of galaxies).

About 23% of the cosmic budget is made of Dark Matter, a collisionless component
whose presence we only perceive gravitationally. The most likely candidates are
hypothetical particles like neutralinos, axions, etc....

About 73% of the energy content of our Universe is in the form of some exotic
component, called Dark Enerqgy, or “Quintessence”, which causes a large-scale cosmic
repulsion among celestial objects, thereby mimicking a sort of anti-gravity effect. The
simplest dark energy candidate is the Cosmological Constant A.
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What 1s dark
enerqy made of 7
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Observations triggeread a /ot
of theoretical activity:

Ccosmological constant
Quintessence

String Effects

Quantum Gravity effects
Modlfication of GR
‘ Back-reaction
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An alternative to Dark
Enerqgy. back-reaction or
Innomogeneities
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“Observational Cosmology”

¢~ The standard cosmological model is
based on both observational evidence
(e.g. the quasi-perfect isotropy of the Big Bang
CMB) and on a priori philosophical S
assumptions: the Copernican Principle,
according to which all comoving cosmic
observers at a given cosmic time see
identical properties around them. An
alternative approach, called
“Observational Cosmology” was
proposed by Kristian & Sachs (1966),
following earlier ideas by McCrea (1935).
The idea is that of building our
cosmological model solely on the basis of

o000 g 5cattenng

We can only see

observations within our past-light-cone, the surface of the
without any a priori symmetry o st it
assumptions. Schucking (1964) was a o steriediohm
proponent of this appfoaCh at a Galileo o by e

Commemoration in Padova. But the most
important contribution was given by Ellis

In 1983, with his talk at the International

GR Conference in Padova.
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Smootning ana back-reaction

“F~  Ellis realizes that “smoothing” of space-
time irregularities plays a central role in
any observational approach. He however
realizes that smoothing necessarily (M. 9y s )
modifies the structure of Einstein’s
eguations (smoothing and evolution do not
commute), leading to an extra “back- | |
reaction” term in their RHS. He also states distance
“there is no reason why the effective ls;.
stress-eneray tensor [i.e. that including (M3 Ssap Tyan )
back-reaction] should obey the usual
energy conditions” [P>-p/3, Hawking &
Ellis 1973], even when the original one
does. l.e. smoothing may lead to the
avoidance of singularities. But it also
implies that back-reaction may lead to
accelerated expansion starting from a
standard fluid with positive or zero distance
pressure.

smoothing
map

Density

distance
Ss3.
smoothing

map

Density -~ Sir ==t -

from: Ellis (1954)
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GR dynamics or an
/Inhomogeneous Universe

v’ Consider Einstein’s equations for a fluid of pressureless and irrotational
matter:
GH =8nG p utu

v’ Describe the system in the synchronous and comoving gauge assuming no
global symmetry whatsoever

ds? = - dt* + h;(x,t) dx' dx

v’ Glven the fluid four-velocity ur = (1,0,0,0) define, by covariant
differentiation, the [ descr/b/ng the expansion or
contraction of fluid elements while its trace-free part, the G'
describing the distortion of fluid elements by the tidal interaction With the
surrounding matter:

o, it - L o1+ Loy
; 2 { J 3 J

J
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Elnstein’s equations

2
~0? — 20° = 167G :
3 o+ R=16mGp energy constraint (00)

momentum constraint (Oi)

| expansion evolution equation
©+0*+R=121Gp (i:j)

iy i T e : : o
0j+O0; + R; — 2Ro; =0 shean evolution equation (i)
O+ %e? +202+47Gp=0 Raychaudhuri equation

p=—0p mass conservation
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Backgrouna. Frieamann equations

Homogeneous and isotropic
form taken by Einstein

eguations for pure matter
with zero spatial curvature

(Einstein-de Sitter model)

Solution:
a(t) ~ 1273,
p= 1/(6n6G12),
q=1/2
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Dealing with
/nNnomogenerties.
Smootning
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Smoothing over a finite volume

see: Ellis 1983, Carfora & Marzuoli 1984 Buchert & Ehlers 1997, Buchert 2000, 2001

1/3
F 3 Coarse-graining:
) » YD fD \/Ed Z, averaging over a
comoving domain D
< comparable with our

a (f. ) e Wo(t)+Weq present-day Hubble

"De

volume

1 ¥, has a residual x-
_ T 13 . 1 dependence labeling the
Up(Xobs, 1) = 1In a — 3 In (/D vV hd .1) + const. & specific Hubble-size
' patch around a given
cosmic observer

The non-commutation of
averaging and evolution
comes from the time-
/ dependence of the
,fo‘?a ] (_) ~ ;(_)g coarse—grai.ning volume _
/D — 2 element (via the 3-metric
determinant)
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can spatial smoothing be removed
from the aefinition of background
cosmological parameters?

In a inhomogeneous Universe “cosmological parameters like the rate of
expansion or the mass density are to be considered as volume-averaged
guantities, and only these can be compared with cosmological observations” (Ellis
& Buchert gr-qc/0506106).

Nonetheless, as some authors (e.g. Flanaghan 2005) have recently proposed to
define cosmologlcal parameters like H, and g, by angular averaging only, let’s
look at this issue in more detail.

As soon as the back-reaction of perturbations on the Hubble rate is considered
(e.g. by a second-order perturbations calculation) huge Newtonian corrections
appear, spoiling the FRW background input value of H: these are the same terms
leading to a harmless contribution to back-reaction if spatially averaged over a
large volume.

Newtonian term: it becomes very large (because of
ﬂ_\ '(k, a) unfiltered small-scale effects) if spatial smoothing is
k3 removed, i.e. if R> 0 (see Kolb et al. 2005a)

d ) ~d
;_ig (k.a)W+= ff,f’ _ ;A (k.a)W+ If\fa
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[he scale-factor of our
Hubble patch

ap (1) oc aggy, (1) exp(—Fo(t))
1

P (1) = 3 IN((A+ Spyy ) );, +CONSE

Acceleration in our local Hubble patch is possible if the mean

rarefaction factor (w.r.t. an underlying FRW model) <(1+3qny) =i,

grows fast enough to overshoot the FRW background evolution (<.>,
Indicates averages over the initial, I.e. post-inflationary volume)

¥, Is by construction a super-Hubble perturbation: sub-Hubble Fourier

modes of (1+38r) ™t are filtered out. Nonetheless, the evolution of

our super-Hubble mode is fed by the non-linear evolution of sub-
Hubble (i.e. observable) perturbations.
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Effective Friedmann equations

see: Buchert (2000, 2001)

4
_E?TG (peﬂ’ + SPeﬁ')

8rlc

3 peff )

pett = —3Hp (pert + Pett) -

(ﬂ)b — _3HD<P)D

mean curvature

kinematical back-reaction:

Qp = -

((6%p — (©)3) - 2(0”)n
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Back-reaction and averaging

Integrability Condition:
only exists in GR (no
Newtonian analogue)

3¢ + & — 3\, Consider ¥, as a space-time
a dependent conformal rescaling.
~i

o,

Qp is only contributed by sub-Hubble
fluctuations (but feels super-Hubble
modes via time-evolution of the
background)

<R>_ gets contributions

YD = a_—ﬁez‘l’f <E + —l\—ij,{) _ ‘ZTRIIIETLIIIF>D both from super-Hubble

and sub-Hubble modes
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can Irrotational adust unadergo
acceleration?

v' According to the Raychaudhuri equation for irrotational dust each

flurd element can only undergo decelerated (g=0) or free (g = 0)
expansion >

364 02 602 +124Gp
et e

>0

v’ However, coarse-graining over a finite volume D makes acceleration

(g < 0) possible by the time-dependence of the averaging volume
(via the metric determinant) >

—3Qp +127G
Q[’Tm can have both signs
D
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[he back-reaction equation of state

, ‘ , Qp  (R)p
({IEDQD) +ap (ﬂ%(R>D) =0. ’ (oo - 167G 167G’
Cp N (R)p
487G’

Integrability Condition: only exists S 167G

in GR (no Newtonian analogue)

QL?' 54 ﬂfl_)ﬁ v’ Stiff-matter-like solution (negligible)

—2 v Standard ture term: onl ibility if
R andard curvature term: only possibility i
< >U X ﬂ'ﬂ only super-Hubble modes are present

1
B Y . . _
QD _ {R) D Effective cosmological constant:

3
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A heuristic argument for
acceleration

The local expansion rate can be written as

0 = peculiar volume expansion factor. it is positive for underdense
fluid patches. In order for the kinematical back-reaction Q to be
positive and large what really matters is that non-linear structures
have formed in the Universe, so that a large variance of © arises

(® is narrowly peaked around its FRW value as long as perturbations
stay linear).

Hence Hy Is expected to be enhanced w.r.t. its FRW value by the
back-reaction of inhomogeneities, eventually leading to acceleration
July 7, 2005 9-th Paris Cosmology Colloquium 20



Solving Einstein’s equations for the
coarse-grained Universe aescription

The problem can be approached by different, and to some
extent complementary, techniques:

Use approximate solution of Einstein’s equations to fit
our local scale-factor by appropriate smoothing.

Use approximate solution of Einstein’s equations to
compute the back-reaction equation of state. Next solve
the effective Friedmann equations to find our local scale-
factor.

Study the behavior of perturbations within our past light-
cone to assess the form of the “back-reaction equation
of state” directly from observations.
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General property of back-reaction

One can integrate the Q;  <R>, relation obtaining

D

(Ryp=-Qp — 0., j daaQy (a)

where Ky is a generally time-dependent integration constant
Replacement in the first Friedmann equation leads to:

tiny if computed over a region
D~1/H,, by inflationary initial
conditions

D
D

871G 2 7
HZ = —<,0>D 38.2 IdaaQD(a)
D 0

where Qp is not a free parameter but it should be computed consistently from the
non-linear dynamics of perturbations. Note once again that a constant and positive

Qp would mimic a cosmological constant term
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/nconsistency of the Newtonian
approach to back-reaction

4 Back-reaction is a genuinely GR problem and the connection between
kinematical back-reaction and mean curvature (yielding the possibility
of acceleration) has NO NEWTONIAN ANALOG.

4 No matter how good the Newtonian approximation is in describing
matter clustering in the Universe, it completely fails if applied to study
back-reaction.

(JNF‘H. tonian __ (v . ['ll {v . 11_) —_ (u . T] UDD

v Indeed, Ehlers & Buchert (1996) have shown EXACTLY that in
Newtonian theory Qp Is a total divergence term, which by Gauss
theorem can be transformed into a tiny surface term. Many authors
(e.g. Siegel & Fry 2005) have used various approximations to recover
this result and, based on it, reached the erroneous conclusion that
back-reaction is negligible.
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[he effect of (pure) super-Hubble
perturbation moades

(¢5Q0) +a (s3()p) =0

Let’s take the extreme (and unrealistic) situation in which there are only super-Hubble
modes. In such a case the kinematical back-reaction identically vanishes and the only
consistent solution of the integrability condition is a standard curvature term <R>p &
1/ay? . The same result can be obtained by a renormalization group resummation of a
gradient expansion

T

o2 H_I__l\_'—IIJ — ?TF‘ \y Tg '*II; /

hence pure super-horizon modes cannot lead to the observed accelerated expansion of
the Universe. They can only produce a curvature term which, for inflationary initial
conditions is bound to be tiny today
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The effect of observable, |I.e.
SUb-Hubble, perturbation moaes

= Dealing with the back-reaction of sub-Hubble modes is
far more complex, as a reliable evaluation of the effect
can only be obtained by a non-Newtonian and non-
perturbative approach to the non-linear dynamics of
perturbations.

= We used two alternative approaches:

a) a higher-order gradient expansion in the comoving and
synchronous gauge

0) a non-perturbative approach in the weak-field limit of the
Poisson gauge
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Solving Einstein’s equations

A non-perturbative solution of Einstein equations Is obtained
by a gradient-expansion (Lifshits & Khalathnikov 1970). It
contains terms of any perturbative order with a given
number of spatial gradients. At lowest order it coincides with
the “separate Universe” approximation (Salopek & Bond

1991). Higher order terms describe the Universe at higher
and higher resolution. Initial conditions (“seeds”) from
single-field slow-roll inflation. The range of validity at order
n (i.e. with 2n gradients) is (k/aH)*"@" T < 1 @ scales
down to a few Mpc and even below (depending on the
specific term under consideration), see Salopek et al. 1993.

ds* = —dt* + a*(t)v;;dx'da’

traceless perturbation

... plus higher-derivative terms

Matarrese, Pillepich & Riotto, 2005 in prep.

@ ~ 10° = peculiar gravitational potential (related to linear density contrast & by

cosmological Poisson equation, V¢ ~ &)
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How back-reaction gets big

The general rule goes as follows -

e Newtonian terms like VZp/H72, which would be the /argest ones by
themselves, add up to give a pure total derivative contribution to Q,
So their space average always yields a tiny surface term (107?).

e Post-Newtonian terms, like (Vo) /Hy are small but cannot lead to a
total derivatives.

e Therefore a combination of the two can be as large as required.

The averaging volume window function becomes ineffective when
ensemble expectation values of products of ¢ are considered.

1
(27)°

[ d%w (kR) [ d°p p(p+ k) (p)(— p—k)

(VoVo)g =

ensemble mean — 5% (p—p+k) =W (kR) >W(0) =1 > (VpV @), =(VoVp)._,

The small-scale behavior of products of Vi and VZ¢ yields the
back-reaction: terms like (V2o (Vo) (in proper units) are sizeable
and lead to an effective dark-energy contribution.
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The appearance or instapilities

The calculation of back-reaction from sub-Hubble perturbation modes can be also
performed using the weak-field limit of GR in the Poisson gauge (see Seljak & Hui
1996; Siegel & Fry 2005). However, it is crucial that quantities are expressed in
terms of the fluid proper time; this involves both a kinematical back-reaction term
(once again because of non-commutativity of averaging and time evolution) and a
lapse function N. Accounting for these contributions shows that post-Newtonian
terms appear also in this approach and become as big as the FRW background at
recent times, thus leading to an instability of the underlying background (flat
matter-dominated FRW) model

Qp — C?|Rp| — H2<6? (V/C)°>p ~ Ay

This instability can have been the origin of the present phase of accelerated
expansion in our Hubble patch.

Note that by no means our findings rely on the existence of extra non-Newtonian
terms affecting the dynamics of LSS. The perturbations which create the instability
are just the familiar Newtonian ones that lead to LSS formation. It is only in the
back-reaction effects that they combine to produce a non-Newtonian expression.

o

July 7, 2005 9-th Paris Cosmology Colloquium 28



[he state of the controversy

where we still
disagree

We conclude that cosmological models based on GR
with irrotational initial conditions and perturbations
anly at and above the Hubble scale and only matter fields
thiat conform to the SEC cannot explain the accelerating
expaysion. This paper does not exclude the possibility
of using backreaction from sub-Hubble perturbations to
explain the accelerating expansion. The latter possibility
is difficult bo investigate as ].t involves lHIIl['hL ated non-
linear phyvsies—tre—poTt v Toitte 37
account h i ’th 1C -111111H ATl eve nln’rh i nt Ldnam ["-'lt.l_ll R
tions, but not for strong hPH GR P[‘tm_.t.b, suggest that

1C -lHH th 11‘ m-mnnt lw 'lvm llhml A8 A perturnm _.‘.,_.
W-NoloJskd@l IRV spacetime. Hirata and Selfak (2005 )

believe such highly non-linear structures are relevant




Cople/tise)f)s

VA Averaging ooy oS cos/iol0gy Y e a5 ioNeieCHVENTIE G A EGUALIOIS
with extra (DAck-reaction) SoUrGCeNeriiis, SHowing that acceleraiornisyposs/iole
even If the Universe content /s puréraust:

V. Jf super-Hubble pertinbations only, are Colsiiered), Dack-reaction only
armounts to a tiny curvature term

v when sub-Hubble.periunbations are.consigeredthielr non-linear dynamics
/eaads, o) anastaiii aiEvern. by:a post-INeEwIenian el that mimics the
CIICCL Ol Dark Erergy

[iTelEfincinesiare confirmed:

V. Backreaction could be thereasomwhy, the observable Universe /S presently
unaergoing a phase oi: accelerated expansion, thereby suggesting a natural
solution of the colnciaence. prov/émn

v There would be no. need for Dark Efergylar a fundamental level: matter and
gravity would be the only players!
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