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The present view on  
non-Gaussianity  

  Alternative structure formation models of the late eighties 
considered strongly non-Gaussian primordial fluctuations.  

  The increased accuracy in CMB and LSS observations has 
excluded this extreme possibility. 

  The present-day challenge is either detect or constrain mild or 
weak (~0.1%) deviations from primordial Gaussian initial 
conditions. 

  Deviations of this type are not only possible but are generically 
predicted in the standard perturbation generating mechanism 
provided by inflation.  





Non-Gaussianity in the initial conditions 



Simple-minded NG model 
  Many primordial (inflationary) models of non-Gaussianity can be 

represented in configuration space by the simple formula (Salopek & Bond 
1990; Gangui et al. 1994; Verde et al. 1999; Komatsu & Spergel 2001) 

                     Φ = φL + fNL * ( φL
2 - <φL

2>) + gNL * φL
3 + …  

   where Φ is the large-scale gravitational potential, φL its linear Gaussian 
contribution and fNL is the dimensionless non-linearity parameter (or more 
generally non-linearity function). The percent of non-Gaussianity in CMB 
data implied by this model is 

                     NG % ~ 10-5 |fNL| 



Where does large-scale non-
Gaussianity come from  
(in standard inflation)? 

  Falk et al. (1993) found fNL ∼ ξ ∼ ε2 (from non-linearity in the 
inflaton potential in a fixed de Sitter space) in the standard single-
field slow-roll scenario 

  Gangui et al. (1994), using stochastic inflation found fNL ∼ ε (from 
second-order gravitational corrections during inflation). Acquaviva 
et al. (2003) and Maldacena (2003) confirmed this estimate (up to 
numerical factors and momentum-dependent terms) with a full 
second-order approach. Weinberg extended the calculation of the 
bispectrm to 1-loop …  

  Bartolo et al. (2004, 2005) showed that second-order corrections 
after inflation enhance the primordial signal leading to fNL~ 1 



Evaluating NG: from inflation to 
the present universe 

  Evaluate non-Gaussianity during inflation by a self-consistent second-order 
calculation (or equivalent techniques …). 

  Evolve scalar (vector) and tensor perturbations to second order after inflation 
outside the horizon, matching conserved second-order gauge-invariant 
variable, such as the comoving curvature perturbation ζ(2) (or non-linear 
generalizations of it), to its value at the end of inflation (accurately accounting 
for reheating) or immediately after it. 

  Evolve them consistently inside the horizon  compute second-order 
radiation transfer function for CMB and second-order matter transfer function 
for DM.  

  Large values of |fNL| (>10) still allow us to use the usual first-order 
radiation transfer function  



Summary of NG from inflation 

  Quadratic non-linearity on large-scales (up to ISW and 2-nd order 
tensor modes). Standard slow-roll inflation yields aNL~ bNL~ 1 

  Cubic non-linearity on large-scales (up to ISW and 2-nd order tensor 
modes) 

additional contribution to trispectrum (together with fNL
2  terms): 

Bartolo, Matarrese & Riotto, 2005; D’Amico, Bartolo, Matarrese & Riotto, 2008 

Include 
SW + 
ISW up 
to 3-rd 
order 



What Inflation predicts 
 Standard single-field slow-roll inflation predicts 

aNL-1 ~10-2  (Acquaviva et al. 2001; Maldacena 
2001) and similarly tiny values for higher-order 
parameters, such as bNL-1 

 Alternative models (e.g. curvaton, multi-field, 
inhomogeneous reheating, DBI, ghost inflation, 
new ekpyrotic, warm-inflation, …) can lead to 
much higher values for the parameters 
(functions)  aNL-1, bNL-, etc. … 



Inflationary predictions for fNL 



Inflationary predictions for fNL Inflationary predictions for fNL 



NG requires higher-order statistics 
(than power-spectrum or 2-point 

function) 
•  The simplest statistics (but not fully 

general) measuring NG is the 3-point 
function or its Fourier transform, the 
“bispectrum”: 

< δ(k1)δ(k2)δ (k3) > = (2π)3δ(3)(k1+k2+k3) B(k1,k2,k3) 

   which also carries shape information 



The shape of Non-Gaussianities 

Babich et al. 2005; Creminelli  
et al. 2005; LoVerde et al. 2007 

Different models for the generation of  
NG may lead to a different shape  
dependence of the bispectrum, which  
is very important for constraining NG 

                                                     LoVerde et al. 2007 

local 

DBI squeezed configurations dominant 

equilateral configurations  
approximately dominant 



2-nd order transfer function 

 Improve treatment of radiation transfer function.  

 This step is crucial for |fNL| ~ 1 (i.e. to detect NG from 
standard single-field sinflation). For large NG (i.e. |fNL| > 
~10) the standard procedure of convolving the NG 
potential with the linear transfer function is sufficiently 
accurate. 

 This should be O.K. for presently detectable level of NG.   



2-nd order transfer function 

 First step (Bartolo, Matarrese & Riotto, 2005): 
calculation of the full 2-nd order radiation transfer 
function on large scales (low-l), which includes: 

 NG initial conditions 
 non-linear evolution of gravitational potentials on large scales 
 second-order SW effect (and second-order temperature 

fluctuations on last-scattering surface) 
 second-order ISW effect, both early and late 
 ISW from second-order tensor modes (unavoidably arising from 

non-linear evolution of scalar modes), also accounting for 
second-order tensor modes produced during inflation   



2-nd order transfer function 
  Second step (Bartolo, Matarrese & Riotto, 2006a,b): Boltzmann eq. 

up to 2-nd order for photon, baryon and CDM fluids allow to follow 
CMB anisotropies at 2-nd order on all scales; includes both 
scattering and gravitational secondaries, like:   
 Thermal and Kinetic Sunyaev-Zel’dovich effect 
 Ostriker-Vishniac effect 
 Inhomogeneous recombination and reionization  
 Further gravitational terms, including gravitational lensing (both by 

scalar and tensor modes), Rees-Sciama effect, Shapiro time-
delay, effects from second-order vector (i.e. rotational) modes, etc.  

  Numerical code shows that the effect is equivalent to an effective fNL 
~ few (Nitta, Komatsu, Bartolo, Matarrese & Riotto, 2008, in prep.) 

  Pitrou et al. (2008) have recently obtained large non-linear 
corrections (~ 25) affecting very small-scale equilateral fNL . These 
corrections are however not relevant for local NG. 

       see also Serra & Cooray (2008), Cooray et al. (2008).      



NG CMB simulated maps 

Liguori, Yadav, Hansen, Komatsu, Matarrese & Wandelt 2007 



WMAP 5-years constraints on fNL 

Komatsu et al. (2008) find  

(after point-source subtraction) 
analyzing 5-year WMAP data.  

The discrepancy with Yadav & Wandelt 
(2007) who found positive NG 
detection in the 3-year WMAP data  

(rejection of fNL=0 at more than 99.5% 
CL) can be explained in terms of the 
different mask applied in the analysis 
and improved resolution of 5-year data. 

Curto et al. (2008) find a very similar 
constraint using wavelets 

Constraints on non-local NG are much  
weaker: 

Komatsu et al. 2008 

- 8 < fNL < 111 (95% CL) 



Topological constraints on fNL 
Hikage, Matsubara, Coles, Liguori,  
Hansen & Matarrese (2008) find    
       - 70 < fNL < 91 at 95% C.L. 
using the Q+V+W co-added maps of  
3-year WMAP data 
Analytical formulae for the Minkowski  
functionals of NG fields are found in  
excellent agreement with simulated  
CMB maps  



Constraining Non-Standard 
Inflation with Planck  

Searching for NG in Planck data will require accurate handling of residual 
NG from systematics: work in progress (Donzelli, Hansen, Liguori, Yadav & 
Matarrese, in prep.) 

Yadav, Komatsu and Wandelt 2007 

Fast estimator extended to incomplete sky coverage in Yadav, Komatsu, Wandelt, 
Liguori, Hansen & Matarrese 2007: see also Creminelli, Nicolis, Senatore & Tegmark 
2006 

Δ fNL ~ 1 Δ fNL ~ 4 

with Planck: 
Δ fNL

equil ~ 35 



Non-Gaussianity from initial conditions 
vs.  

non-Gaussianity from gravitational instability 



Searching for non-Gaussianity 
with LSS 

 Verde et al. (1999) and Scoccimarro et al. (2004) 
showed that constraints on primordial NG in the 
gravitational potential from large redshift-surveys like 
2dF and SDSS are not competitive with CMB ones.  

 Going to redshift z~2 can make LSS competitive 
(Sefusatti & Komatsu 2007). Going to higher z, e.g. 
through SZ cluster surveys, Ly-alpha forest (Viel et al. 
2008) or via 21-cm background anisotropies (Pillepich, 
Porciani & Matarrese 2006; Cooray 2006) helps, as the 
effective NG strength in the underlying CDM overdensity 
scales like (1+z). 



Need to go beyond standard 
perturbation theory 

o  (Linear) perturbation theory proved 
extremely successful in dealing with 
CMB data 

o  The study of the LSS requires better 
schemes, owing to the crucial role 
played by the gravitational instability, 
which makes the underlying dark matter 
density field unavoidably non-linear, 
hence non-Gaussian, on a relevant 
range of scales. 

o  Renormalized Perturbation Theory 
(Crocce & Scoccimarro 2005, 2006) 

o  Renormalization Group (RG) approach 
(Matarrese & Pietroni 2007; Pietroni 
2008) 

Power-spectrum at z=1as given by RG (red  
line), linear theory (blue short-dashed), 1-loop  
PT (green), halo-model (violet) and N-body  
simulations (squares) by Jeong & Komatsu 2006 



RG: short & long-term goals 
  Include neutrino contribution (Lesgourgues, Matarrese, Pietroni & 

Riotto, 2008, in prep.) 

  Account for (statistical) velocity dispersion, starting from the Vlasov 
(Klimontovich-Dupree) equation (D’Amico, Matarrese & Pietroni 
2008, in prep.). Explains damping of small-scale modes     

  Deal with redshift-space distortions and non-linear mass  galaxy 
bias (Heavens, Matarrese, Pietroni & Verde, in prep.; Matarrese, 
Pietroni & Porciani, in prep.) 

  Extend the method to higher-order: non-linear evaluation of the 
bispectrum 

  Non-linear mapping of density & velocity fields (setting an effective 
theory)? 



N-body simulations  
of local (constant fNL) NG 

   M. Grossi, K. Dolag, E. Branchini, S. Matarrese & L. Moscardini 2007 

  Standard CDM “concordance” model with: Ωm0=0.3, ΩΛ0=0.7, h=0.7, σ8=0.9, n=1 

  9 models with:  fNL = -2000, -1000, -500, -100, 0, +100, +500, +1000, +2000  

  8003 particles, corresponding to a mass-resolution of mp ≈ 2 *10 10  solar masses 

  Cosmological  boxes: L=5003 (Mpc/h)3 

  Computations performed at CINECA Supercomputing Centre (Bologna) on a3k (only 
initial conditions) and sp5 machines: about 3000/5000 hours of CPU time per 
simulation. A second set of simulations has run at MPA (Garching).  

 see also recent related work by Dalal et al. 2007 



The smoothed density field 

Hikage, Coles, Grossi, Moscardini, Dolag,  
Branchini & Matarrese 2007 

matter transfer function 

growth suppression factor 

NG initial conditions: 



Topological measures of NG 

Hikage, Coles, Grossi, Moscardini,  
Dolag, Branchini & Matarrese 2007 

Analytical formulae for the Minkowski  
functionals of non-linearly evolved NG 
fields are found in excellent agreement 
with N-body simulations  

Indirect check on statistical  
validity of N-body simulations 



Evolution of the PDF in NG models 
Grossi et al. 2008 

early times: primordial  
NG affects both low- and  
high-density tails  

late times: primordial NG  
still affects low-density  
tails  



Fitting NG with log-normal PDF 
Grossi et al. 2008 



Searching for non-Gaussianity 
with rare events 

  Besides using standard statistical estimators, like 
bispectrum, trispectrum, three and four-point 
function,  skewness , etc. …, one can look at the 
tails of the distribution, i.e. at rare events.  

  Rare events have the advantage that they often 
maximize deviations from what predicted by a 
Gaussian distribution, but have the obvious 
disadvantage of being rare! But remember that, 
according to Press-Schechter-like schemes, all 
collapsed DM halos correspond to (rare) peaks 
of the underlying density field.  

  Matarrese, Verde & Jimenez (2000) and Verde, 
Jimenez, Kamionkowski & Matarrese showed 
that clusters at high redshift (z>1) can probe NG 
down to fNL ~ 102 which is, however, not 
competitive with future CMB (Planck) constraints.  

  Determination of mass function using stochastic 
approach (first-crossing probability) in progress 
(Bartolo, Maggiore, Matarrese & Riotto, 2008 in 
prep.) 



DM halos in NG simulations 

from: 
Grossi et al. 2008  



DM halo mass-function in NG models 
Deviations from the Gaussian 
mass-function in excellent 
agreement with the theoretical  
predictions by Matarrese,  
Verde & Jimenez (2000):  

where FNG represents the NG/G mass-
function ratio 

and 

with S3,M the skewness of the mass-
density field on scale M Grossi et al. 2007 



DM halo bias as a constraint on NG 

Dalal, Dore’, Huterer & Shirokov 2007 Dalal et al. (2007) have shown that halo  
bias is sensitive to primordial non-
Gaussianity  
through a scale-dependent correction term  

                  Δb(k)/b  α  2 fNLδc / k2 

  This opens interesting prospects for  
  constraining or measuring NG in LSS but  
  demands for an accurate evaluation of the 
  effects of (general) NG on halo biasing. 



Start from results obtained in the 80’s by  

Grinstein & Wise 1986, ApJ, 310, 19 

Matarrese, Lucchin & Bonometto 1986, ApJ, 310, 
L21  

giving the general expression for the peak 2-point 
function as a function of N-point connected 
correlation functions of the background linear (i.e. 
Lagrangian) mass-density field  

(requires use of path-integral, cluster expansion, 
multinomial theorem and asymptotic expansion). 
The analysis of NG models was motivated by a 
paper by Vittorio, Juszkiewicz and Davis (1986) 
on bulk flows. 

Clustering of peaks (DM halos) of 
NG density field 



Halo bias in NG models 
•  Matarrese & Verde 2008 have applied this relation to the case of 

local NG of the gravitational potential, obtaining the power-spectrum 
of dark matter halos modeled as high “peaks” (upcrossing regions) 
of height ν=δc/σR of the underlying mass density field (Kaiser’s 
model). Here δc(z) is the critical overdensity for collapse (at redshift 
a) and σR is the rms mass fluctuation on scale R (M ~ R3) 

•  Next, account for motion of peaks (going from Lagrangian to 
Eulerian space), which implies (Catelan et al. 1998)  

                   1+ δh(xEulerian)=(1+δh(xLagrangian))(1+δR(xEulerian)) 

     and (to linear order) b=1+bL (Mo & White 1996) to get the scale-
dependent halo bias in the presence of NG initial conditions. 

•  Similar formulae apply to the correlation of CMB hot & cold spots 
(Heavens, Liguori, Matarrese & Verde, in prep.) 



Halo bias in NG models 
Matarrese & Verde 2008 

form factor: 

factor connecting the smoothed linear overdensity with the primordial potential: 

transfer function: 
window function defining the radius R of a  
proto-halo of mass M(R): 

power-spectrum of a Gaussian 
gravitational potential  



Halo bias in NG models 
•  The NG correction to the 

halo bias is scale, mass 
and redshift dependent 

•  Neglecting the effect of 
the form factor FR(k), of 
the transfer function T(k) 
and of the window 
function WR(k) leads to 
an error of up to 100% in 
the NG bias correction 
and hence in fNL 



Halo bias in NG models 
•  Extension to general (scale and configuration 

dependent) NG is straightforward 

•  In full generality write the φ bispectrum as Bφ(k1,k2,k3). 
The relative NG correction to the halo bias is  

•  It also applies to non-local (e.g. “equilateral”) NG (DBI, 
ghost inflation, etc.. )!! 



Theory vs. N-body simulations 
Grossi, Verde, Branchini, Carbone, 
Dolag, Matarrese & Moscardini 2008  

Our )preliminary) results show 
that the Matarrese & Verde bias 
formula provides a very good fit 
of the bias of DM halos in NG 
N-body simulations   

Lbox   = 1200 Mpc/h, 8003 particles 
Ωm = 0.26, ΩΛ = 0.74, H0 = 0.72 
σ8 = 0.8, ns = 0.96 
softening length 25 kpc, Mdm = 1.41 x 1011 Msun/h 

For the Gaussian halo bias bG,  
use e.g. Sheth & Tormen (2000) 

Kaiser (1984) 
Mo & White (1996) 
Sheth & Tormen (2000)  



Constraints on fNL from SDSS  

Slosar, Hirata, Seljak, Ho  
& Padmanabhan (2008)  

SDSS LRG & QSO auto-correlation + WMAP yields: 
      -1 (-23) < fNL < +70 (+86)   @  95 (99.7) %    



Detecting primordial NG with (ISW 
driven) LSS-CMB cross-correlation? 

from: Raccanelli, Bonaldi, Negrello, 
Matarrese, Tormen & De Zotti (2008)  

WMAP-LSS (NVSS) cross-correlation: 
LCDM fits the data, once b(z) and N(z) are 
consistently chosen (e.g. they should also 
fit auto-correlation function w(θ) !!) 

A study of NG detectability, based on 
large-size, high-mass resolution N-body 
simulations with NG initial conditions is 
in progress  Carbone, Branchini, 
Dolag, Grossi, Matarrese, Moscardini & 
Verde 2008, in preparation 

from: Slosar, Hirata, Seljak,  
Ho & Padmanabhan (2008)  



Forecasting constraints on fNL  
from galaxy surveys 

•  Carbone, Verde & Matarrese (2008) have obtained (Fisher matrix) 
forecast of the minimum fNL detectable from galaxy surveys via 
auto-correlation analyses both projected and in z-space. The 
minimum detectable fNL is of order a few for future surveys over 
volume comparable to the Hubble volume. LSS-CMB cross-
correlation (via ISW) is also a a promising, though less powerful,  
technique. See also Afshordi 2008, McDonald 2008, Slosar et al. 
2008, Seljak 2008.     

•  For such low values of NG the scale and shape-dependence of fNL  
implied by super-horizon evolution (Bartolo, Matarrese & Riotto 
2004) of perturbations cannot be disregarded as usually done! 

•  Related calculations in: Slosar et al. 2008, Afshordi & Tolley 2008, 
McDonald 2008, Seljak 2008.  



Forecasting constraints on fNL 
from galaxy surveys 

Carbone, Verde and Matarrese 2008 

error in determination  
of (local) fNL 

α ~ 1/k2 only on  
the largest scales 



Can we detect inflationary NG  
via the 21-cm background? 

Pillepich, Porciani &  
Matarrese, 2006;  
  use 3D analysis  
Pillepich, Porciani &  
Matarrese, in prep. 

see also Cooray 2006; 
Cooray et al. 2008  



Is the expected NG signal detectable 
by future radio experiments? 

Pillepich, Porciani & Matarrese 2006 

Hypotheses:  

•  Ideal, full-sky experiment 
•  Measurements limited by cosmic  
       variance only 
•  Perfect subtraction of foregrounds  

                gravitational NG with S/N ~ 100 

                                                                                                          
                primordial NG with S/N ~ 0.1 fNL 

Warning: gravitational lensing  

can be very important!  

Experiments with arcmin-scale  
resolution can measure 



           fNL = 200                                 fNL = 0                                  fNL = - 200 

GAS distribution in a slice of 3 Mpc/h (comoving) at z=3 (the voids have 
less and more matter compared to the standard case) – this in turn can be  
seen in the flux PDF 

Non-Gaussianities in the IGM 
Viel, Dolag, Branchini, Grossi, Matarrese & Moscardini 2008, in prep.  

Very first NG  
hydro simulations 

NG/G 

NG initial conditions: 



Grossi et al. 2008  

DARK MATTER PDF 

FLUX PDF (NG/G) Viel et al. 2008  

Non-Gaussianities in the IGM 

Testing the PDF 



FLUX POWER SPECTRUM 

FLUX BISPECTRUM 

Statistical obs. error 0.6% 

Statistical obs. error ~30% 

Viel, Dolag, Branchini, Grossi, Matarrese & Moscardini 2008, in prep.  



Lots of astrophysical information in the 
high-redshift flux bispectrum  

Viel, Matarrese, Heavens, Haehnelt, Kim, Springel & Hernquist 2004 

Flux bispectrum (Gaussian i.c.) 



Conclusions & future prospects 
 Contrary to earlier naive expectations, some level of non-Gaussianity is 

generically present in all inflation models. The level of non-Gaussianity 
predicted in the simplest (single-field, slow-roll) inflation is slightly below 
the minimum value detectable by Planck and at reach of future galaxy 
surveys.  

 Constraining/detecting non-Gaussianity is a powerful tool to discriminate 
among competing scenarios for perturbation generation (standard slow-roll 
inflation, curvaton, modulated-reheating, DBI, ghost inflation, multi-field, 
etc. …) some of which imply large non-Gaussianity. Non-Gaussianity will 
soon become the smoking-gun for non-standard inflation models 

 Constraining non-Gaussianity in LSS allows to put independent constraints 
on NG in a large range of scales: high-redshift samples (e.g. Ly-alpha 
forest, 21 cm background) appear promising. Using the galaxy bias is a 
powerful and promising technique, but … astrophysics should be under 
control! 

 Predicting/constraining non-Gaussianity has become a branch of Precision 
Cosmology. The Planck mission (in combination with future galaxy 
surveys) will open a new window to the physics of the early Universe.    


