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Plan of the talk


What is (primordial) non-Gaussianity and why it is

 important ?


Primordial non-Gaussianity from Inflation and

alternative scenarios


Contamination from CMB anisotropies at second-order 

in perturbation theory  


Primordial non-Gaussianity vs secondary effects


Conclusions




Φ(x): primordial gravitational potential


If the fluctuations Φ(x) are Gaussian distributed then their statistical properties are 
completely characterized by the two-point correlation function, <Φ(x1)Φ(x2)>  

or its Fourier transform, the power-spectrum.   


Thus a non-vanishing three point function, or its Fourier transform, 

the bispectrum is an indicator of non-Gaussianity
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ds2 = a2(τ)[−(1+ 2Φ)dτ 2 +ω i dτ dx
i + ((1− 2Ψ)δij + hij )dx
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Gravitational potential perturbation in the perturbed 

Friedmann-Robertson-Walker metric

(Newtonian or Poisson gauge)






✓  In general different models for the generation of the primordial 

     perturbations predict (standard inflation vs alternatives): 


    - some departure from scale invariance  

    - some amount of tensor perturbations 


    - some amount of non-Gaussianity 


✓  In fact many models predict negligible amount of tensor perturbations 

     and negligible departure from scale-invariance 
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Even a precise measurement of the spectral index might

not allow to discriminate among competing scenarios;

if no G.W. is detected (e.g. via CMB polarization)  no efficient 
discrimination


However these models predict different NG 
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ΔT
T
~ g(k)Φ

-  non-linear evolution after inflation

-  non-linear hydrodynamics near recombination

-  non-linearities after recombination (GR is non-linear!)


Primordial effects:

interactions of fields






Primordial non-Gaussianity


It is useful to characterize it in terms of the non-linearities present 

in the curvature perturbation ζ  (in the uniform energy density slice)
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gij = a2(t)e−2ζ γ ij = a2(t,x) γ ij
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ζ (1) = −Ψ−H δρ
˙ ρ 
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ζ (1) = −3/5Φ(1)

Think of  
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 The key point is that ζ remains constant on superhorizon scales

 after it has been generated and possible isocurvature (entropy) 

 perturbations are no longer present.  


 ζ(2 ) provides all the information about the primodial level  

 of the NG generated  during inflation, as in the standard

 scenario, or after inflation, as in the curvaton scenario.


The value of ζ(2) is different for different scenarios
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It is not directly connected to the measurable quantity, 

the CMB anisotrooy 




Standard single-field models of  
inflation 

Case 1: 

Acquaviva, N.B, Matarrese and Riotto 
(2002); Maldacena (2002);   
Lidsey and Seery (2004) 



Primordial non-Gaussianity in standard single

field models of Inflation 


  non-Gaussianity generated during inflation:

Accounting for the inflaton self-interactions and metric fluctuations

at second-order in the perturbations brings    
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fNL = −
5
12
(n −1) + nT f (k1,k2)

Primordial non-Gaussianity for single-field models of 

slow-roll inflation is tiny ~ O(ε,η) 
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Notice that in the squeezed limit k1<<k2 ≈k3  

f(k1,k2) goes to zero (Maldacena  2001)


•


•




fNL=constant 

NG local in real space: non-linearities 
develop outside the horizon 





Lyth, Ungarelli and Wands (2002); 
N.B, Matarrese and Riotto  (2004); 
Lyth, Rodriguez, Malik  (2005+) 

€ 

ζ late times =
˙ ρ i
˙ ρ i

∑ ζ i ≈ 1− r( )ζγ + rζσ

€ 

r =
ρσ
ρ

 

 
 

 

 
 
decay

€ 

ζσ ≈
δσ
σ

 

 
 

 

 
 +

δσ
σ

 

 
 

 

 
 
2

€ 

ζ1 ≈ r
δσ
σ

 

 
 

 

 
 

€ 

fNL =
5
4r

−
5r
6
−

5
3

   =
5
4r

if  r <<1
 

 
 

 

 
 

€ 

ρσ =
m2

2
σ 2 =

m2

2
σ 0
2 + 2σ 0δσ + δσ 2( )



Babich et al.  (2004)   
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NG non-local in real space: non-linearities 
generated by operators with gradients 



•
Single field models of inflation with non-canonical kinetic term 

L=P(ϕ, X) where X=(∂ ϕ)2 (DBI or K-inflation)

models where NG comes from higher derivative interactions 

of the inflaton field     


•


k1


k3


k2




In this case an equilateral non-linearity parameter                    


is used to characterize the amplitude of the bispectra. It is defined 


so that 


•
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F(k,k,k) = 6 fNL
equilPΦ(k)

•
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with sound speed cs
2 <1



Babich et al.  (2004)   

€ 

B(1,x2,x3)x2
2x3

2



Another interesting example……
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Chen et al. 07 




- 0.32 / cs
2 DBI


-5/4 – I modulated reheating  

r ~ (ρσ/ρ)decay     5/4r - 5r/6-5/3 curvaton  

O(ε,η) Standard inflation 

comments fNL(k1,k2) 

multi-field inflation 

I = - 5/2 + 5Γ / (12 αΓ1) 
I = 0      (minimal case) 

       may be large ? 

ghost inflation
   - 85 β α-3/5


Generalized single-field  
inflation  
(e.g:k-and brane inflation) 

-(35/108) (1/c2-1) 
+(5/81) (1/cs

2-1-2λ/Σ) 
High when the sound of  
speed cs  <<1 or λ/Σ>>1 

Feature in the inflaton 
potential 

| fNL | >1


s 



Flatten configuration 
M: cut-off scale 

fNL >> +1


λϕ: inflaton coupling to  
the waterfall field χ  

  e.g. (5/6) λϕ (MPl/mχ) Inhomogeneous preheating 
And inhom. hybrid inflation   

N:n˚ of inflaton oscillations  e.g. (MPl/ϕ0) eNq/2 ~50 Preheating scenarios 

comments fNL(k1,k2) 

s 

s 

s 

Warm Inflation (II) 
 -15L(r )  < fNL < L(r ) L(r ) ≈ln(1+r/14); 
r=Γ/3H >>1 

Generalized slow-roll inflation 
 (higher-order kinetic terms) 

equilateral configuration 

Excited initial states+derivative 
interactions 

~(6.3 10-4 MPl/M)  
~(1-100) 

Ekpyrotic models -50 < fNL < 200 
depends on the sharpness of 
conversion from isocurvature  
to curvature perturbations 

typically 10-1
Warm inflation


Multi-DBI inflation fNL~ c−2 1/(1+T2
RS)
 both local and equil. shapes 
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−9 < fNL
loc <111 (95%)

- from the template-cleaned 

  V+W channel;

- accounting for a bias from 

  unresolved point sources

- for   


€ 

lmax = 500

Komatsu et al. 2008


✓ From an analysis of the bispectrum of CMB temperature anisotropies


✓ See also Senatore et al. (2009)
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−4 < fNL
loc < 80 (95%)

✓ and claimed evidence from 

Yadav & Wandelt 08, WMAP3
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27 < fNL <147 (95%)
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−151< fNL
equil < 253 (95%)

for 


€ 

lmax = 700

Komatsu et al. 2008


See also Senatore et al. (2009)
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−125 < fNL
equil < 435 (95%)

From an analysis of the bispectrum of CMB temperature anisotropies




N.B. 1)

Use of other statistical tools can be very useful to have an 
independent test of consistency 


e.g.:                                          applying wavelets to WMAP 5yr,

a result very similar to the limits of the WMAP team (Curto et al. 08)


N.B. 2) 

An experiment like Planck can reach a minimum detectable value 


(Komatsu & Spergel 01; Babich & Zaldarriaga 04; Smith & Zaldarriaga 06; 

Yadav, Komatsu, Wandelt, Hansen, Liguori, Matarrese 08)  


N.B. 3):

A lot of information can come from other observables as, e.g, 
CMB polarization and Large Scale-Structures      
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−8 < fNL
loc <111 (95%)

See Sabino’s Talk
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fNL
loc ~ 3 and   fNL

equil ~ 67





Non-primordial sources of NG 

✓ Any non-linearity can contribute to NG and this can contaminate 

   the extraction  of the primordial signal: 


     NG=NG primordial+non-linear effects


✓ Planck and future experiments will be sensitive to non-Gaussianity

    at the level of second- or higher order perturbation theory: 

    need to keep under control all possible sources of contamination to 

    the primordial non-Gaussianity


✓  Need to specify of which primordial non-Gaussianity we study 

     the contamination from the non-primordial sources

     (local, equilateral..) 




Non-primordial sources of NG 

There are mainly three classes: 


I) (residual) foregrounds and unresolved point sources


II) ‘known’ secondaries such as 

     Sunyaev-Zel’dovich effect, 

     gravitational lensing,

     Rees-Sciama effect,……..


III) Less known effects: 

     non-linearities from Boltzmann equations for 

     photons, baryons and CDM at second-order in perturbation theory  

     i.e.: non-Gaussianities related to the non-linear nature of General

     Relativity 

     and to the non-linear dynamics of the photon-baryon fluid         




Non-primordial sources of NG 

What is the impact of non-primordial sources of NG on  the 
extraction of a primordial non-Gaussian signal?


Mainly they act in two ways: 


1) They might ‘mimic’ a three-point function similar in shape (and 

     amplitude) to the primordial one in the CMB 


    bias or contamination to primordial NG


2) They might increase the variance of the estimator of primordial 

     NG 

    (in other words they degrade the S/N of primordial NG)  
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2  see expression in N.B., Matarrese, Riotto, 

 Phys. Rev. Lett. (2004)


 N.B., S. Matarrese,

 A. Riotto JCAP 2005 


Non-Linear Sachs-Wolfe effect (large scales)
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TO =
ωO

ωε

Tε € 

ds2 = −e2Φdt 2 + a2(t)e−2Ψδij dx
idx j

 a la Salopek-Bond (1990)  definition of the non-linear ζ quantity

Non-linear perturbations 
√


√


It includes primordial NG
 Post-inflation non-linear gravity 
common to all scenarios




Metric perturbations: Poisson gauge


Example: using the geodesic equation for the photons 

Redshift of the photon 

(Sachs-Wolfe and ISW effects) 


PS: Here the photon momentum is p= pni  with p2=gij Pi Pj                          

      ( Pμ = dxμ (λ)/dλ quadri-momentum vector)
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Φ =Φ(1) +
1
2
Φ(2),   ψ =ψ (1) +

1
2
ψ (2)

Second-order CMB Anisotropies


Collision term
 Gravity effects




Gravitational lensing


The 2nd-order photon Boltzmann equation 


€ 

Source term  S=S(2)+S(I×I)


with τ’= -neσTa optical depth                   


Sachs-Wolfe effect


Second-order  baryon velocity


Quadratic-Doppler effect


Coupling velocity and linear photon anisotropies


N.B: for a derivation of the Boltzmann equations see also 
C. Pitrou CQG 09 (includes polarization); 

Senatore, Tassev, Zaldarriaga, arXiv:0812.36523  




Harmonic components 

of the CMB source 

function 




Nitta, Komatsu, N.B, Matarrese, 
Riotto 09
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Θ(2) = (Δ 00
(2) /4 +Φ(2))

A closer look at the CMB source function 


 Contamination to local NG 


 Contamination to equilateral NG 




Acoustic oscillations at second-order 
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For expressions and analytical solutions 
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Non-linear dynamics at recombination 

On small scales, i.e. modes k >> keq, the second-order anisotropies at recombination 

are dominated by the 2nd-oder  gravitational potential sourced by dark matter perturbations   


Initial conditions that contain 

the primordial NG


in Fourier space gives the 

convolution kernel
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As a generalization to the well known expression at linear-order  
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Θ(2) =
1
4
Δ 00
(2) +Φ(2) ~ Acos[kcsη] e

−(k / kD )
2

− RΦ(2) + S (For details see Pitrou et al. 08;

 see also N.B, Matarrese, Riotto 07)


On small scales the combination of the damping effects AND the growth of 

the potential as  η2  make dominant the term        
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This effect is a causal one, i.e. developing on small scales; its origin is gravitational (due to the 
non-linear growth sourced by dark matter perturbations)  
We expect the corresponding CMB bispectrum will be of the equilateral type.      
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Non-Gaussianity from 2nd-order gravitational potential   




: primordial or secondary bispectra 

See Spergel and Goldberg ‘99; Cooray and Hu 200; Komatsu and Spergel 2001 
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−1

Fii
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How similar are 

two bispectra?
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fNL
cont =

F2nd ,prim
Fprim,prim fNL =1

=

cont




Fisher matrix


For EQUILATERAL primordial feq
NL


As a confirmation of our expectations  
the NG from recombination (governed by the 
non-linear evolution of the 2nd-order 
gravitational potential)  
shows a quite high correlation with an 
equilateral primordial bispectrum 

 N.B, Riotto JCAP 09




rrec,equil=  −0.53 translates into an increase of the minimum detectable 
value for feq

NL. We find a mimimum value of


It corresponds to a an increase of O(10): recall: feq
NL=67, not accounting for the 

cross-correlation (i.e. not marginalized over the signal from recombination). 


€ 

Contamination to equilateral        fNL
cont =O(10)

Contamination to local                fNL
cont ≈ 0.3



A check for our model: 

S/N for the primordial equilateral bispectrum 


Use the flat sky approximation


transfer function on small scales

(l >>l* ~ 750; a ~3)  


power spectrum

(see also Babich & Zaldarriaga 04)


Bispectrum




S/N for the primordial equilateral bispectrum  

 Signal-to-noise ratio   


For fsky=0.8 and lmax=2000, for an experiment like Planck gives a minimum detectable  


very good agreement with the numerical results of  Smith and Zaldarriaga 06, and Liguori 09 


(S/N)2 receive contribution from the configuration which is peaked at l1~l2~l3,  
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(S /N)2 ∝ d2l1∫ d2l2δ(l1 − l2) / l1
2 ∝ lmax

N.B. The S/N scale as (lmax)1/2, not as lmax
 as in the local case; 


N.B. & Riotto JCAP 09




l3=200


l3=1000


Local primordial


Local primordial


Acoustic oscillations
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2nd-order bispectrum 

and local primordial 

are fairly similar


r2nd,prim~ 0.5 at lmax~200


r2nd,prim~ 0.3 at lmax~2000
r 2n
d,
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How similar are 2 bispectra?


Full-sky ideal exp.




Full-sky ideal exp.
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FURTHER  CONSIDERATIONS




Anisotropic non-Gaussianity


violation of rotational invariance  


We considered a SU(2)-vector multiplet:  NG peaks in the local configuration 
with an amplitude that is modulated by the preferred directions that break 
rotational invariance

(Dimastrogiovanni, N.B., Matarrese & Riotto 09)




Isotropic contribution to 
the bispectrum


Modulation dependent 

on the preferred directions  
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Φ(k1)Φ(k2)Φ(k3)Φ(k4 )
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Φ =ΦL + fNL ∗ ΦL
2 − ΦL

2( ) + gNL ∗ΦL
3

Also in this case primordial cubic non-linearities

+ non-linearities coming from the post-inflationary 

evolution 


(e.g., Okamoto & Hu, 2002)




          O(ε,η) 
Slow-roll inflation 
 (including multiple fields)  

comments gNL(k1,k2) 

Ekpyrotric models |gNL| < 104 depends on the parameter 
choice 

ε,η : slow-roll parameters 

Curvaton scenario 
(9/4 r2) (g2 g’’’/g’3+3g g’’/g’2) + 
- (2/r) (1+ 3g g’’/g’2)  

g’’: deviation from a  
quadratic potential 

Inhomogeneous reheating (5/3) fNL+ (25/24) (Q’’’(x)/ Q’3(x)) 2
 X=Γ/H at the end of 
 inflation 

DBI  inflation ~ 0.1 c－4 s C2 : sound speed s 



CMB trispectrum on large scales
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N.B., Matarrese & Riotto 2005 
D’Amico, N.B., Matarrese & Riotto 2008 



Conclusions


√
We are assessing precisely the level and shape of NG from 2nd-order

perturbations and their contamination to primordial NG


√
Both a positive measurement of the non-Gaussainity or an upper limit 

on its amplitude will represent a crucial observational discriminant 

between competing models for the primordial perturbation generation    


√
 A detection of fNL~10 would rule out all standard single-field models

of inflation  


√
 To asses a detection of primordial NG: take care of foregrounds and 

any secondary signal that can mimick a primordial NG signal


√
 Future techniques exploiting the CMB polarization and additional 
independent  statistical estimators might help NG detection down to  
fNL~3: need to compute exactly the predicted amplitude and shape of  
NG from the post-inflationary evolution of perturbations.



